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Cosmography can be considered as a sort of a model-independent approach to tackle
the dark energy/modified gravity problem. In this review, the success and the shortcom-
ings of the ΛCDM model, based on General Relativity and standard model of particles,
are discussed in view of the most recent observational constraints. The motivations for
considering extensions and modifications of General Relativity are taken into account,
with particular attention to f(R) and f(T ) theories of gravity where dynamics is repre-
sented by curvature or torsion field respectively. The features of f(R) models are explored
in metric and Palatini formalisms. We discuss the connection between f(R) gravity and
scalar-tensor theories highlighting the role of conformal transformations in the Einstein
and Jordan frames. Cosmological dynamics of f(R) models is investigated through the
corresponding viability criteria. Afterwards, the equivalent formulation of General Rela-
tivity (Teleparallel Equivalent General Relativity) in terms of torsion and its extension
to f(T ) gravity is considered. Finally, the cosmographic method is adopted to break
the degeneracy among dark energy models. A novel approach, built upon rational Pade´
and Chebyshev polynomials, is proposed to overcome limits of standard cosmography
based on Taylor expansion. The approach provides accurate model-independent approx-
imations of the Hubble flow. Numerical analyses, based on Monte Carlo Markov Chain
integration of cosmic data, are presented to bound coefficients of the cosmographic se-
ries. These techniques are thus applied to reconstruct f(R) and f(T ) functions and to
frame the late-time expansion history of the universe with no a priori assumptions on
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its equation of state. A comparison between the ΛCDM cosmological model with f(R)
and f(T ) models is reported.
Keywords: Extended gravity; cosmography; dark energy; cosmological observations.
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1. Introduction
The present picture of the universe is based on the homogeneous and isotropic
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) metric, which represents a solu-
tion of the Einstein field equations of General Relativity (GR). The success of the
Big Bang model1 comes from its remarkable match with the available cosmologi-
cal observations. However, some shortcomings of this picture, emerged in the last
thirty years, have made scientists doubt on the appropriateness of achieve a com-
prehensive picture of the universe simply based on GR and standard perfect fluid
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matter. A crucial role in this respect is played by the relation between cosmology
and quantum field theory. The Big Bang singularity along with issues such as the
monopole, horizon, and flatness problems2 undermine the standard model of par-
ticle physics and the standard model of cosmology as an adequate description of
the universe at high-energy regimes. On the other hand, a fundamental theory to
describe space-time in its full quantum aspects cannot be represented by a classical
theory like GR. Therefore, the lack of a definitive quantum theory of gravity is the
reason to consider alternative gravitational theories where GR can be reproduced in
the semiclassical limit. The so-called Extended Theories of Gravity (ETG), based on
corrections and extensions of the Einsteins theory, are the most fruitful paradigms
following the aforementioned receipt. The idea behind this approach is essentially
to consider some effective quantum gravity action adding higher order curvature
invariants and scalar fields minimally or nonminimally coupled to the gravity sector
recovering GR at local scales and in the weak field limit.3 In this perspective, it
is more correct to deal with Extended Gravitya instead of modified gravity.4 The
presence of non-minimal couplings and high-order terms appears necessary in any
scheme trying to unify fundamental interactions (e.g. supergravity and superstring
theories).5 These contributions come from first or higher-order loop corrections in
the high curvature regime.5 Quantization of matter fields in curved space-time leads
to corrections of the Hilbert-Einstein Lagrangian due to the interactions between
the background geometry and quantum scalar fields.6
A revision of standard cosmological scenarios is necessary also at late-time
epochs. In fact, observations of Supernovae Ia (SNeIa)7, 8 suggested that the ex-
pansion of the universe has recently entered an accelerated phase that cannot be
explained only by the dynamics of ordinary matter and radiation as constituents
of the cosmic fluid.9 On the other hand, Cosmic Microwave Background (CMB)
anisotropies10, 11 strongly suggest a universe with flat spatial curvature.
Within the framework of GR, the simplest explanation for the cosmic speed up
would be the well known cosmological constant,12 which defines the concordance Λ
Cold Dark Matter (ΛCDM) model. Although very effective in fitting most of the
cosmological data, the ΛCDM model is plagued by some fundamental issues related
to its nature.13, 17 One possible attempt to fix these problem is to replace the cos-
mological constant with a slowly rolling scalar field, known as quintessence.19, 21
However, even the quintessence approach presents some issues related to the coin-
cidence problem.
a A typical example of extended theory is f(R) gravity. Assuming f(R) = R means that GR is
a particular theory in a wide family of model. On the other hand, considering f(R) = R + αR2
means that, if R2 term is negligible, GR is recovered. Regarding f(T ) gravity, the situation is
similar because f(T ) = T means recovering TEGR (Teleparallel Equivalent General Relativity).
In this case, dynamics is given by the torsion scalar T , instead of the curvature scalar R. However
the description is equivalent. We intend with ”modified gravity” or ”alternative gravity”, theories
which do not reproduce GR in a given energy regime or choice of models. This can be the case of
some gauge theories of gravity.
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Furthermore, there exists a different way to approach the cosmic acceleration
problem. In fact, the observed behaviour of the late-time expansion might not be due
to new species in the cosmic fluid, but rather the signal of a breakdown of standard
gravity at infrared regimes. In this respect, modifications of the Friedmann equa-
tions give rise to alternative paradigms where effective models with generalizations
of the gravity action (e.g. high-order curvature terms) can yield to quintessence be-
haviour.25 Moreover, the cosmological constant behaviour may be the consequence
of including torsion fields starting from the so called Teleparallel Equivalent General
Relativity (TEGR).26
In these alternative approaches, the philosophy is that conceptual shortcomings
in cosmic evolution are overcome deriving negative pressure scenarios naturally
originated from the further geometric degrees of freedom that these models contain
with respect to standard GR.
In this review paper, we want to discuss how a cosmographic approach, be-
sides observations coming from Precision Cosmology, can contribute to select self-
consistent cosmological models based on extensions of GR and TEGR.
The structure of the paper is as follows. In Sec. 2, we review the concordance
cosmological model and the issues related to the nature and origin of dark energy.
In Sec. 3, we discuss f(R) gravity as a straightforward extension of GR introduced
to approach shortcomings of the standard cosmological scenario. In particular, we
discuss dynamics and observational viability of such theories in both metric and
Palatini formulations. Gravity with torsion is considered in Sec. 4. Specifically, we
present the teleparallel equivalent of Einstein’s theory (TEGR) and extend the
discussion to generic functions of torsion scalar in presence, eventually, of scalar
fields coupled to gravity. In Sec. 5, we present the cosmographic method as a model-
independent tool to discriminate among dark energy models. The limits of the
standard cosmographic approach are discussed and a new method, based on rational
polynomials, is presened. The approach is aimed to alleviate the convergence issues
at high-redshift epochs. Finally, in Secs. 6 and 7, the cosmographic method is applied
to reconstruct gravitational action in a model-independent way starting from the
cosmological constraints of the late-time universe.
Throughout the text, we use the metric signature (+,−,−,−) and units such
that c = ~ = 1, unless differently specified. We also use the notation κ ≡ 8piG =
M−2P , where G is the Newton constant and MP is the reduced Planck mass.
2. The cosmological puzzle
The standard cosmological model is based on the cosmological principle, which con-
sists of two principles of spatial invariance. The first invariance is the isomorphism
under translations. This means assuming the universe to be homogeneous on large
scales, with no special points and galaxies evenly distributed in space. The second
invariance is the isomorphism under rotations. This implies an isotropic universe
with no special spatial directions, where the galaxies are evenly distributed in dif-
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ferent angular directions at large scales.
The cosmological principle provides us with the simplest cosmological models,
the homogeneous and isotropic universe described by the FLRW metric:27–30
ds2 ≡ gµνdxµdxν = dt2 − a(t)2
[
dr2
1− kr2 + r
2(dθ2 + sin2 θ dφ2)
]
, (1)
where t is the cosmic time, a(t) is the dimensionless scale factor normalized to unity
at the present time (a(t0) = 1), and k defines the spatial curvature:
k =


− 1 open universe,
0 flat universe,
+ 1 closed universe.
(2)
To determine the dynamics of the gravitational field for a homogeneous and isotropic
universe, we write the Einstein field equations:
Rµν − 1
2
Rgµν = κTµν , (3)
where Rµν is the Ricci tensor, R = gµνR
µν is the Ricci (scalar) curvature. Tµν is
the energy-momentum tensor which, for a perfect fluidb, takes the form
Tµν = (ρ+ P )uµuν − Pgµν , (4)
where ρ and P (ρ) are the density and pressure of the barotropic fluid, respectively,
which depend on the cosmic time only in agreement with the symmetry properties
of the FLRW metric. The four-velocity field uµ refer to an observer moving inside
the light cone and, hence, it is normalized according to
gµνu
µuν = 1 . (5)
In a reference frame which is at rest with respect to the fluid (ui = 0), the relation
u0u
0 = 1 holds and one then has
Tµν = diag(ρ,−P,−P,−P ) . (6)
SNeIa observations at the end of the 90’s indicated that the universe is currently
undergoing a phase of accelerated expansion.7, 8 This implies that
ρ+ 3P < 0 . (7)
Clearly, this condition cannot be satisfied if the cosmic fluid were made only of
radiation and pressureless non-relativistic matter. Therefore, cosmological sources
have to include a further component with negative pressure (P < −ρ/3), which is
today dominant over the other species. This component is dubbed dark energy.18–22
bA ‘perfect’ fluid is an ideal fluid characterized by zero viscosity, no shear stresses and vanishing
vorticity.
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The simplest model that can describe the dark energy behaviour is a model with
the cosmological constant Λ, characterized by the equation of state
wΛ ≡ PΛ
ρΛ
= −1 . (8)
The gravitational contribution of the cosmological constant can be added into the
Einstein-Hilbert action as
S =
∫
d4x
√−g
[
1
κ
(
R
2
− Λ
)
+ Lm
]
, (9)
where Lm is the matter Lagrangian density. The field equations are obtained by
varying the above action with respect to the metric:
Gµν − Λgµν = κTµν , (10)
where Gµν ≡ Rµν − 12gµνR is the Einstein tensor. Writing Eq. (10) for the FLRW
metric, one obtains the Friedmann equations as
H2 =
κ
3
ρ+
Λ
3
− k
a2
, (11)
a¨
a
= −κ
6
(ρ+ 3P ) +
Λ
3
. (12)
We thus define the density parameters associated to curvature, matter and cosmo-
logical constant as, respectively,
Ωk ≡ − k
a2H2
, Ωm ≡ κρm
3H2
, ΩΛ ≡ − Λ
3H2
(13)
obeying the cosmic rule
1 = Ωm +Ωk +ΩΛ , (14)
derived from (11). We can finally write the Hubble expansion rate in the formc
H(a) = H0
[
Ωr0
a4
+
Ωm0
a3
+
Ωk0
a2
+ΩΛ0
]1/2
, (15)
where the subscript ‘0’ denotes the corresponding present values of the density pa-
rameters. The combinations of low-redshift data and CMB anisotropy measurements
portray a universe with the following features:
• vanishing spatial curvature: Ωk0 ≈ 0 ;
• very small amount of residual radiation: Ωr0 ≈ 5× 10−5 ;
• about 30% of matter-energy density, mainly constituted of cold dark matter
and a small contribution of baryonic matter: Ωm0 = Ωcdm,0 + Ωb0 ≈ 0.3,
with Ωcdm,0 ≈ 0.25 and Ωb0 ≈ 0.05 ;
• about 70% of dark energy in the form of cosmological constant: ΩΛ0 ≈ 0.7.
Such a ”paradigm” is named ΛCDM model and represents the so-called concordance
model of cosmology.
cWe here include the contribution of radiation Ωr, which is usually neglected in the late-time
epochs.
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2.1. Issues with the ΛCDM model
The simplest explanation for the accelerating universe provided by the cosmological
constant, although very effective in fitting all the major cosmological observables,
does not give a satisfactory physical interpretation of dark energy for a number of
issues.17 Particle physicists considered the possibility to identify the cosmological
constant with the energy of the vacuum. Assuming that the vacuum is a Lorentz-
invariant state, its energy-momentum tensor takes the form
T vacµν = −ρvacgµν , (16)
where the vacuum energy density ρvac is related to an isotropic pressure by
Pvac = −ρvac . (17)
Comparing Eq. (17) with Eq. (8), we find that they are formally equivalent:
ρvac = ρΛ ≡ Λ
κ
. (18)
From the classical point of view, Λ is simply a constant whose value should be deter-
mined through experiments. These considerations, however, change once quantum
mechanics enters the picture. In fact, from the Planck constant one can define a
gravitational length scale named reduced Planck length:
LP =MP
−1 =
√
κ . (19)
We can thus think about quantum fluctuations in the vacuum. For a non-interacting
quantum field, each mode contributes to the vacuum energy and the net result is
obtained by integrating over all the modes. This integral is in principle divergent,
which implies that the vacuum energy is infinite. To avoid the ultraviolet divergence,
one can introduce a cut-off and ignore any contribution above that. Then, one
naturally would expect that this cut-off is related to the Planck scale by
Λ ∼ LP−2 , (20)
so as to obtain
ρΛ ∼M4P ∼ (1018 GeV)4 . (21)
On the other hand, measurements of the cosmological constant over the last decades
from observations of SNeIa and CMB anisotropies11 indicate the following value for
the vacuum energy:
ρ
(obs)
Λ ∼ (10−3 eV)4 . (22)
Then, comparing (21) with (22), one gets
ρ
(obs)
Λ ∼ 10−120ρvac. (23)
This embarrassing discrepancy of 120 orders of magnitude is known as the cosmo-
logical constant problem.13, 14
April 3, 2019 0:31 WSPC/INSTRUCTION FILE Review
8 S. Capozziello, R. D’Agostino, O. Luongo
The second issue is called coincidence problem.15, 16 The concordance cosmolog-
ical model provides values for the vacuum energy density and the matter density
of the same order of magnitude. However, the two components have very different
evolution histories:
ΩΛ
Ωm
=
ρΛ
ρm
∝ a3 , (24)
which implies that the current acceleration of the cosmic expansion started rela-
tively recently. It becomes immediately clear that the transition between a matter-
dominated universe and a universe dominated by dark energy is quite fast. This
means that the probability for an observer to live during a period when the two
species have the same order of magnitude is very small. Therefore, there is no physi-
cal reason for us to be on the verge of such a special moment when these components
have a similar order of magnitude.
Another further problem that compromises our understanding of the cos-
mic speed up concerns the discrepancy between the direct and indirect (model-
dependent) measurements of the present expansion rate of the universe.31 Since the
first determination by Hubble in 1929,32 for decades astronomers derived values
for H0 in the range 50÷100 km/s/Mpc. Improved accuracy in the measurements
of H0 were made over the years thanks to a better control of systematics and
the use of different calibration techniques. Using the period-luminosity relation for
Cepheids to calibrate a number of secondary distance indicators such as SN Ia
and the Tully-Fisher relation, the Hubble Space Telescope Key Project33 estimated
H0 = (73± 8) km/s/Mpc. The most recent direct estimate of H0 has been provided
in 34: H0 = (73.24 ± 1.74) km/s/Mpc. This value is in tension with the most re-
cent result of the Planck collaboration11 for the ΛCDM model, H0 = (67.51± 0.64)
km/s/Mpc, which represents so far the strongest constraint on H0. An alternative
method to measure the Hubble constant, independent of the local distance ladder,
is provided by strong gravitational lenses with time delays between the multiple
images. Using this approach, the H0LiCOW collaboration estimated H0 = 71.9
+2.4
−3.0
km/s/Mpc for ΛCDM.35 This value is in in agreement with the direct measurement
of34 but in tension with Planck.
During the past years, many attempts have been done to solve the dark energy
problem. From particle physics point of view, the lack of observed supersymmet-
ric partners of known particles in accelerators leads to assume that the scale at
which supersymmetry was broken is of the order of 103 GeV. This then implies the
following estimate for the vacuum energy density:
ρΛ ∼M4SUSY ∼ (1012 GeV)4 . (25)
This results is, however, still 60 orders of magnitude larger than the observed value
(22). Other approaches based on string theory or loop quantum gravity13, 17 re-
quire some fine-tuning and, in any case, fail to address the coincidence problem.
In 2018 a mechanism for cancelling Λ out has been proposed through the use of
a symmetry breaking potential in a Lagrangian formalism in which matter shows
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a non-vanishing pressure.36 The model assumes that standard matter provides a
pressure which counterbalances the action due to the cosmological constant. It has
been shown that this mechanism permits to take vacuum energy as quantum field
theory predicts, but removing the huge magnitude through a counterbalance term
due to baryons and cold dark matter only. The approach is equivalent to have a
dark fluid which degenerates with the standard cosmological model37–40 and enters
the class of unified dark energy models.41–43
2.2. Dark energy
Another approach that seeks for solving the cosmological constant problem is to
consider dynamical properties of dark energy. A dynamical dark energy, however,
should be able to mimic the cosmological constant at the present time, as required
by cosmological observations. In this sense, similarly to the inflationary mecha-
nism,44, 45 but at different energies, the simplest candidate is a canonical scalar
field, often dubbed quintessence.46–48 For a homogeneous scalar field minimally
coupled to gravity, the Klein-Gordon equation in FLRW space-time reads
φ¨+ 3Hφ˙+ V ′(φ) = 0, (26)
where V (φ) is the potential of the scalar field and the ‘prime’ denotes derivative
with respect to φ. Thus, the energy density and pressure are given by, respectively,
ρφ =
1
2
φ˙2 + V (φ) , (27)
Pφ =
1
2
φ˙2 − V (φ) . (28)
It is clear from Eqs. (27) and (28) that wφ = Pφ/ρφ approaches −1 if the slow-roll
condition φ˙2 ≪ V (φ) is satisfied. Imposing this condition, from Eq. (26), we must
have H ∼ √V ′′(φ). Thus, considering that √V ′′(φ) represents the effective mass
of the scalar field mφ and that the current value of V (φ) should be of the order of
the observed Λ, one gets
mφ ∼ 10−33 eV . (29)
Since the masses of scalar fields in quantum field theory are several orders of mag-
nitude larger than the value of (29), many doubts remain on whether quintessence
could be an actual solution of the cosmological constant problem.
There are also attempts to solve the coincidence problem by adopting specific
models of quintessence called tracker models .49–51 In these models, the coincidence
problem is solved as the energy density of the scalar field has the same behaviour
of the radiation and matter energy densities for a significant part of the cosmic
evolution. These solutions do not suffer from fine-tuning problems related to initial
conditions, even though they are dependent on the parameters of the potential.
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3. Extended theories of gravity: the case of f(R) gravity
An alternative approach to address the dark energy issues is to consider modifica-
tions or extensions of the l.h.s of Einstein’s field equations. We here discuss such
a possibility to cure the shortcomings of the concordance cosmological model. We
start presenting some historical reasons that brought first to consider extensions of
GR at ultraviolet (UV) scales, and to infrared (IR) scales.
• UV scales
Due to their empirical success in describing the physical phenomena, GR
and Quantum Field Theory (QFT) represent the two main pillars which
modern physics is built on. While GR is the theory of gravitating systems
and non-inertial frames on large scales, QFT provides a description of the
world on small scales and at high energy regimes. As a classical theory,
GR does not take into account the quantum nature of matter; on the other
hand, QFT assumes that the space-time contains quantum fields. The key
point is, thus, to figure out how quantum fields behave in presence of gravity
or, in other words, whether these two theories are compatible. Non-classical
effects are expected to be relevant for gravity at Planck’s scale, which is un-
fortunately unaccessible by current experiments. Nevertheless, investigating
the fundamental nature of space-time on very small scales is unescapable
to shed light on the physics of the universe from the Big Bang to Planck’s
era.
At the end of the 1950s, the necessity to build up some unified theory
capable of describing all the fundamental interactions under the standard
of QFT made recognize the need for a quantum theory of gravity. So far,
any unification scheme trying to include gravity has revealed unsuccess-
ful or not completely satisfactory. The difficulties are mainly due the fact
that the gravitational field describes the background space-time where the
same gravitational degrees of freedom, that is the space-time itself, have
to be considered as dynamical variables. The assumed mutual interaction
between geometry and quantum matter fields necessarily leads to modifica-
tions of the standard Einstein-Hilbert action, that is, to consider Extended
Theories of Gravity (ETG).56, 57 Such theories represent a semi-classical ap-
proach where GR is recovered in the low-energy limit. As GR, these models
are gauge invariant and consist of adding higher-order curvature invariants
(such as R2, RµνR
µν , RαβµνR
αβµν , RR, RkR) and minimally or non-
minimally coupled terms between scalar fields and geometry (such as φ2R),
which come out from the effective action of Quantum Gravity.4, 58
• IR scales
Einstein’s theory has proven successful over many years of experimental
tests. GR is in remarkable agreement with precision tests of gravity done
in the solar system and consistent with gravitational waves detection.59
However, GR has not been tested independently on cosmological scales. The
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observational evidences that the main amount of the present matter content
of our universe is in the form of unknown particles that are not included
in the standard model of particles and interactions, and the discovery of
the present accelerated expansion of the universe, have led cosmologists to
consider the possibility that GR might not be, in fact, the correct theory
of gravity to describe the universe at larger scales. In order to address this
issue, two different kinds of phenomena have been proposed: the so-called
‘dark energy models’ and modifications to GR. While the former introduce
a new fluid or field from which the apparent cosmological constant could
originates, the latter refers to modifying the l.h.s. of Einstein’s equations,
i.e., GR itself, by modifying or improving the Einstein-Hilbert action.
The ETG theories have thus attracted great interest in cosmology. The
related cosmological models, in fact, provide inflationary scenarios able
to overcome the shortcomings of standard model based on GR, and the
theoretical predictions match with the CMB observations.60–62 Moreover,
conformal transformations allow to reformulate the higher-order and non-
minimally coupled terms into GR term plus one or multiple minimally
coupled scalar fields.63–65 However, modifications of standard gravitational
theory are characterized by mathematical difficulties since the corrections
to the standard Lagrangian increase the non-linearity of the field equations,
which often produce differential equations higher than the second order.
The possibility to include higher-order curvature invariants in the gravitational ac-
tion was firstly considered in the 1960s as an attempt to quantize gravity. It was
shown that renormalization at the one-loop level requires adding higher-order cur-
vature terms to the Einstein-Hilbert action.66 It was initially expected that such
terms were suppressed by small couplings and their relevance was confined only to
the strong gravity regimes. More recently, however, the dark energy problem related
to the late-time acceleration of the universe has revived interest in considering these
modifications as possible extensions of GR. We can account for higher-order curva-
ture invariants by generalizing the standard gravitational action to any function of
the Ricci scalar:, that is:
S = 1
2κ
∫
d4x
√−g f(R) + Sm(gµν , ψ) , (30)
where Sm is the action of the matter fields ψ. This example of ETG is called
f(R) gravity67–71 and can be considered a straightforward example of extension or
modification of GR.
There exists two variational approaches to derive the field equations of f(R)
gravity. The standard procedure is to derived the field equations by varying the
gravitational action with respect to the metric gµν , which represents the only dy-
namical variable of the theory. In this standard approach, called metric formalism,
one assumes that the connection is symmetric (Γαµν = Γ
α
νµ) and metric compat-
ible (∇µgνα = 0). This leads to the torsion-less Levi-Civita connection, which is
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completely determined by the metric components.
In principle, the metric and the connection are two independent quantities:
the former governs the causal structure of space-time, while the latter defines the
geodesic structure. This is the idea behind the Palatini formalism,72 in which the
action is varied with respect to both metric and connection. In the case of GR, the
two formalisms are equivalent: the field equations for the connection gives exactly
the Levi-Civita connections of the metric in the Einstein-Hilbert case. The situa-
tion is, however, different for more general action including non-linear terms in R
or scalar fields non-minimally coupled to gravity. In these cases, the two formalisms
provide different field equations and different physics.4, 73–75
Finally, there is actually a third variational approach in which the matter action
is assumed to be Sm(gµν ,Γλµν , ψ). This is a full metric-affine formalism76–78 and
represents the most general case that reduces to metric or Palatini formalisms under
certain assumptions.
In the following sections, we will derive the field equations for f(R) gravity in
the metric and Palatini formalisms. It is possible to show that the two versions
of f(R) gravity can be recast as scalar-tensor theories with specific values of the
Brans-Dicke parameter.
3.1. The metric formalism and its viability conditions in
cosmology
Ley us now derive the field equations of f(R) gravity in the metric formalism.
Varying the action 30 with respect to the metric gµν , one obtains
f ′(R)Rµν − 1
2
f(R)gµν − (∇µ∇ν − gµν) f ′(R) = κTµν , (31)
where
Tµν =
−2√−g
δSm
δgµν
. (32)
Here, the ‘prime’ denotes derivative with respect to R. The field equations (31)
are clearly fourth-order partial differential equations in the metric. When f(R) is
a linear function of R, the last two terms on left-hand side vanish and we recover
GR. Taking the trace of Eq. (31) yields
f ′(R)R − 2f(R) + 3f ′(R) = κT, (33)
where T = gµνTµν . We note that R and T are related to each other through a
differential equation, contrary to the algebraic relation R = −κT of GR. This
means that solutions in f(R) constitute a larger set compared to Einstein’s theory.
It is useful to rewrite Eq. (31) in form of Einstein’s equations with a total effective
energy-momentum tensor accounting for matter and curvature terms:
Gµν = κ
(
T (m)µν + T
(curv)
µν
)
, (34)
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where we have identified
T (m)µν =
Tµν
f ′(R)
, (35)
T (curv)µν =
1
κf ′(R)
[
f(R)−Rf ′(R)
2
gµν +∇µ∇νf ′(R)− gµνf ′(R)
]
. (36)
From Eq. (35), we immediately find that the effective gravitational constant in f(R)
gravity is given as
Geff =
G
f ′(R)
, (37)
which imposes the condition f ′(R) > 0.
The f(R) theories of gravity have been largely invoked in cosmology to explain
the current acceleration of the universe without the need of dark energy. To study
the cosmological evolution at the background level, we assume the FLRW metric
restricting our attention to the flat case (k = 0), which is favoured by the data.11
Using the FLRW metric implies the following relation between the Ricci scalar and
the Hubble parameter:
R = −6
[
a¨
a
+
(
a˙
a
)2]
= −6(H˙ + 2H2) . (38)
Furthermore, assuming that T
(m)
µν is given by Eq. (6), the modified Friedmann equa-
tions read
H2 =
κ
3
[
ρm
f ′(R)
+ ρcurv
]
, (39)
2H˙ + 3H2 = −κ
[
pm
f ′(R)
+ pcurv
]
, (40)
where
ρcurv =
1
f ′(R)
[
1
2
(f(R)−Rf ′(R))− 3HR˙f ′′(R)
]
, (41)
pcurv =
1
f ′(R)
[
2HR˙f ′′(R) + R¨f ′′(R) + (R˙)2f ′′′(R)− 1
2
(f(R)−Rf ′(R))
]
(42)
are the energy density and pressure of the effective curvature fluid, respectively.
Thus, from Eqs. (41) and (42) one obtains the effective equation of state
wDE ≡ pcurv
ρcurv
= −1 + R¨f
′′(R) + (R˙)2f ′′′(R)−HR˙f ′′(R)
(f(R)−Rf ′(R)) /2− 3HR˙f ′′(R) , (43)
which is supposed to fuel the effective dark energy fluid associated to the curvature.
For f(R) ∝ R− 2Λ, wDE = −1 as in the cosmological constant scenario.
Modelling matter as dust (pm = 0), the conservation equation for the total
energy density can be written as
ρ˙tot + 3H(ρtot + pcurv) = 0 , (44)
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where ρtot = ρm/f
′(R)+ ρcurv. Then, assuming no interaction between matter and
curvature fluid, the conservation equation for the matter energy density is
ρ˙m + 3Hρm = 0 , (45)
whose solution gives the standard behaviour
ρm = ρm0a
−3 = 3H20Ωm0(1 + z)
3 . (46)
Inserting Eq. (45) into Eq. (44) and using Eq. (46), we obtain the continuity equation
for the effective curvature fluid:
ρ˙curv + 3H(1 + wDE)ρcurv = 3H
2
0Ωm0(1 + z)
3 R˙f
′′(R)
(f ′(R))2
. (47)
It is finally convenient to combine Eqs. (39) and (40) into a single equation:
H˙ +
1
2f ′(R)
[
3H20Ωm0(1 + z)
3 −HR˙f ′′(R) + R¨f ′′(R) + (R˙)2f ′′′(R)
]
= 0 , (48)
where we have used the definitions (41) and (42).
In the last years, many attempts with the aim to construct quintessence-like
f(R) models were proved to produce both early and late-time acceleration.57
It has been shown that the model f(R) = R + αR2 (α > 0) is consistent with
the temperature anisotropies observed in CMB and it can be a viable alternative to
the scalar field models of inflation.60, 79 The quadratic term αR2, in fact, gives rise
to an asymptotically exact de Sitter solution, and inflation ends when it becomes
subdominant with respect to the linear term R. However, this model is not suit-
able to explain the present cosmic acceleration because the quadratic term is much
smaller than R today.
Models of type f(R) = R − αR−n (α > 0, n > 0) were proposed to explain the
late-time cosmic acceleration,25, 68, 80 but it has been shown that they do not satisfy
local gravity constraints because of the instability arising from negative value of
f ′′(R).81, 82, 100 Moreover, these models do not possess a standard matter-dominated
epoch because of a large coupling between matter and dark energy.83 However,
cosmological viability of f(R) gravity as an ideal fluid and its compatibility with a
matter dominated phase has been demonstrated for a large class of models.84
We can thus summarize the conditions that f(R) models have to satisfy to be
viable for dark energy. It has to be:
(1) f ′(R) > 0 , R ≥ R0 > 0 ,
where R0 is the value of the Ricci scalar at the present time. This condition is
required in order to avoid negative values of the effective gravitational constant
(cf. Eq. (37)).
(2) f ′′(R) > 0 , R ≥ R0 > 0 .
This arises from the constraints of gravity in the solar system,85, 86 and the con-
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sistency with the presence of a standard matter-dominated epoch.87 Moreover,
this condition guaranties the stability of cosmological perturbations.
(3) f ′(R) −→ 1 , R≫ 1 .
This condition is expected to be fulfilled to ensure that viable f(R) model tends
to ΛCDM at large curvatures, as required by CMB observations.91–93
However, one of the main issues is to reconstruct early and late cosmology through
the same approach. In the framework of f(R) gravity, as firstly reported in 94, it
is possible to select a class of realistic models describing inflation and the onset of
late accelerated expansion. Specifically, power-law f(R) gravity models, describing
inflation, can be related to ΛCDM in a quite natural way.95 In 96, exponential
non-singular f(R) models are discussed in order to connect early- and late-time
accelerated expansions.
3.2. The Palatini formalism and viability conditions
As we have already discussed earlier in this section, the field equations can be
derived by applying the variational principle to the metric and the connection,
treated as independent variables. In the Palatini formalism, in fact, the curvature
tensor is built up from independent connections. To avoid confusion with the metric
formalism, we denote the Ricci tensor constructed by independent connections as
Rµν , and the corresponding Ricci scalar as R = gµνRµν . The action thus takes the
form
S = 1
2κ
∫
d4x
√−g f(R) + Sm(gµν , ψ) , (49)
which reduces to GR when f(R) = R. The variation of Eq. (49) with respect to the
metric provides
F (R)R(µν) − 1
2
f(R)gµν = κTµν , (50)
where F (R) ≡ df/dR and (µν) denotes symmetrization over the indices µ and ν.
Taking the trace of Eq. (50) yields the following useful relation:
F (R)R− 2f(R) = κT . (51)
On the other hand, the variation with respect to the connection gives
δRµν = ∇¯λδΓλµν − ∇¯νδΓλµλ , (52)
where ∇¯µ indicates the covariant derivative defined with respect to the independent
connection Γλµν . Therefore, variation of (49) with respect to the connection yields
∇¯λ
(√−g F (R)gµν)− ∇¯σ (√−g F (R)gσ(µ) δν)λ = 0 . (53)
Contracting the above equation over λ and µ results in97
∇¯σ
(√−g F (R)gσµ) = 0 . (54)
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This naturally leads to introduce a new metric conformally related to gµν being
√−g F (R)gµν = √−h hµν , (55)
which implies
hµν = F (R)gµν . (56)
Thus, Eq. (54) becomes the definition of the Levi-Civita connection of the metric
hµν :
Γλµν =
1
2
hλσ (∂µhνσ + ∂νhµσ − ∂σhµν) . (57)
The independent connection (57) can be written is terms of the metric gµν as
Γλµν = {λµν}+
1
2F
[
2δλ(µ∂ν)F − gµνgλσ∂σF
]
, (58)
where {λµν} are the Christoffel symbols of the metric gµν . Considering how the Ricci
tensor transforms under conformal transformations, we can write
Rµν = Rµν + 3
2
[
(∇µF )(∇νF )
F 2
]
− 1
F
(
∇µ∇ν + 1
2
gµν
)
F , (59)
and contracting with gµν , one obtains
R = R+ 3
2
[
(∇µF ) (∇µF )
F 2
]
− 3
F
F . (60)
Note that, when f(R) = R, F is constant and the theory reduces to GR as Rµν =
Rµν and R = R. Finally, substituting Eqs. (59) and (60) into Eq. (50) leads to
Gµν =
κ
F
Tµν − 1
2
gµν
(
R− f
F
)
− 3
2F 2
[
(∇µF )(∇νF )− 1
2
gµν(∇µF )(∇µF )
]
+
1
F
(∇µ∇ν − gµν)F . (61)
Cosmic dynamics can be studied assuming that the universe is described by the flat
FLRW metric and it is filled with a perfect fluid with an energy-momentum tensor
given by Eq. (6). Thus, combining the modified Friedmann equations calculated as
the (0, 0) and (i, j) components of Eq. (61), one obtains98(
H +
1
2
F˙
F
)2
=
1
6
[
κ(ρ+ 3p)
F
+
f
F
]
. (62)
Assuming that matter is dust and neglecting the contribution of radiation, we have
p = 0 and ρ = ρm. Then, the time derivative of Eq. (51) reads
R˙(RFR − 2f) = κρ˙m , (63)
where we have used that F˙ = FRR˙, being FR ≡ dF/dR = d2f/dR2. Making use
of the continuity equation ρ˙m+3Hρm = 0 and again of Eq. (51), from Eq. (63) one
gets
R˙ = −3H(RF − 2f)RFR − 2F . (64)
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Thus, substituting the above expression for R˙ into Eq. (62), we finally obtain
H2 =
1
6F
2κρm +RF − f[
1− 3
2
FR(RF − 2f)
F (RFR − F )
]2 , (65)
where ρm = 3H
2
0Ωm0(1 + z)
3.
In the Palatini formalism, the field equations are second-order and are then
free from the instabilities due to negative values of f ′′(R).110, 111 Several works
addressing the dynamics of Palatini f(R) gravity at background level showed that
the correct sequence of cosmological eras is realized even for the model f(R) =
R − αR−n with n > 0.112, 113 Dark energy models from Palatini f(R) gravity are
not compatible with large-scale structure observations for substantial deviations
from the ΛCDM model, because of a large coupling between non-relativistic matter
and dark energy.114–116 Also, the non-perturbative corrections to the matter action
introduced by such a large coupling appear in conflict with the Standard Model of
particle physics.117
Moreover, while in metric f(R) gravity the Cauchy problem is well-posed both in
vacuo and with matter, in Palatini f(R) gravity the Cauchy problem is unlikely to
be well-formulated, unless for null derivatives of the trace of the energy-momentum
tensor. This is due to the presence of higher derivatives of matter fields in the field
equations.69 In any case, the well-position and the well-formulation of the Cauchy
problem in Palatini f(R) gravity can be correctly addressed considering specific
forms of sourcing fluids.102
3.3. Equivalence between f(R) gravity and scalar-tensor theories
Similarly to classical mechanics where one can redefine variables in order to make
equations easier to handle, in field theory, it is also possible to redefine fields and
rewrite action and field equations in a different form. Theories that, under a suitable
transformation of fields, preserve action and equations of motion are said dynam-
ically equivalent. Such theories give the same results and can be seen as different
representations of the same theory. In this section, we show the equivalence between
f(R) gravity and scalar-tensor theories of gravity.
A general scalar-tensor theory of gravity is described by the action
SST = 1
2κ
∫
d4x
√−g
[
φR − ω(φ)
φ
∂µφ ∂
µφ− V (φ)
]
+ Sm(gµν , ψ) , (66)
where V is the potential of the scalar field φ and ω(φ) is some arbitrary function of
φ. Varying action (66) with respect to the metric provides
Gµν =
κ
φ
Tµν − V (φ)
2φ
gµν +
1
φ
(∇µ∇νφ− gµνφ) + ω(φ)
φ2
(
∇µφ∇νφ− 1
2
gµν∇αφ∇αφ
)
,
(67)
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while variation with respect to the scalar field yields
φ =
φ
2ω(φ)
[V ′(φ) −R] + 1
2
[
1
φ
− ω
′(φ)
ω(φ)
]
∇µφ ∇µφ (68)
The trace of Eq. (67) can be used to replace R in Eq. (68) obtaining thus
[2ω(φ) + 3]φ = κ T + φ V ′(φ) − ω′(φ) ∇αφ ∇αφ− 2V (φ) . (69)
From the general action Eq. (66) one can retrieve a Brans-Dicke-like theory99 with
a scalar-field potential by setting ω(φ) = ωBD:
SBD = 1
2κ
∫
d4x
√−g
[
φR− ωBD
φ
∂µφ ∂
µφ− V (φ)
]
+ Sm(gµν , ψ) , (70)
where the Brans-Dicke parameter ωBD plays the role of a coupling constant.
The equivalence between f(R) gravity, in the metric formalism, and scalar-
tensor theories can be achieved as follows. We can introduce a new scalar field χ
and consider the following action:100
Smet = 1
2κ
∫
d4x
√−g [f(χ) + f ′(χ)(R − χ)] + Sm(gµν , ψ) . (71)
Varying with respect to χ yields
f ′′(χ)(R − χ) = 0 , (72)
which implies that χ = R if f ′′(χ) 6= 0. This reproduces action (30) and proves that
the theory is dynamically equivalent to the original. Then, one can redefine the field
χ by setting
φ = f ′(χ) ,
V (φ) = φχ(φ) − f(χ(φ)) . (73)
Hence, (71) takes the form
Smet = 1
2κ
∫
d4x
√−g [φR− V (φ)] + Sm(gµν , ψ) , (74)
which is equivalent to a Brans-Dicke-like theory with ωBD = 0.
64 In such a case,
field equations (67) read
Gµν =
κ
φ
Tµν − 1
2φ
gµνV (φ) +
1
φ
(∇µ∇νφ− gµνφ) , (75)
and Eq. (69) becomes
3φ+ 2V (φ)− φ V ′(φ) = κ T . (76)
Furthermore, as usual in scalar-tensor theories, one can perform a conformal trans-
formation and move from the Jordan frame to the Einstein frame. In fact, through
the conformal transformation
g˜µν = f
′(R) gµν ≡ φ gµν , (77)
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and the redefinition of field
φ˜ =
√
2ωBD + 3
2κ
ln
(
φ
φ0
)
, (78)
we obtain the Einstein frame, in which the new field φ˜ has a kinetic energy and it
is minimally coupled to gravity:
S(Ein)BD =
∫
d4x
√
−g˜
[
R˜
2κ
− 1
2
∂µφ˜ ∂µφ˜− U(φ˜)
]
. (79)
For ωBD = 0, corresponding to f(R) gravity in the metric formalism, one has
φ ≡ f ′(R) = e
√
2κ
3 φ˜ , (80)
U(φ˜) =
Rf ′(R)− f(R)
2κ (f ′(R))
2 , (81)
and the action reads
S(Ein)met =
∫
d4x
√
−g˜
[
R˜
2κ
− 1
2
∂µφ˜ ∂µφ˜− U(φ˜)
]
+ Sm(e
−
√
2κ
3 φ˜ g˜µν , ψ) . (82)
We want to stress that actions (30), (74) and (82) are equivalent representations of
the same theory. However, the issue on which conformal frame (Jordan or Einstein)
is the ‘physical’ one has been the subject of much debate and the answers are still
controversial. A detailed discussion on this can be found in 101 and the references
therein.
Let us now examine the equivalence between the Palatini formulation of f(R)
gravity and a scalar-tensor theory. Adopting a similar procedure to the one presented
above, we consider the action for the field χ:
SPal = 1
2κ
∫
d4x
√−g [f(χ) + f ′(χ)(R− χ)] + Sm(gµν , ψ) . (83)
A variation with respect to χ yields χ = R. Then, redefining the field as in Eq. (73),
the action takes the form
SPal = 1
2κ
∫
d4x
√−g [φR− V (φ)] + Sm(gµν , ψ) . (84)
and Eq. (60) in terms of the new field φ reads
R = R+ 3
2φ2
(∇µφ)(∇µφ) + 3
φ
φ . (85)
Therefore, plugging the above relation into Eq. (84) and neglecting a total diver-
gence, one obtains
SPal = 1
2κ
∫
d4x
√−g
(
φR+
3
2φ
∂µφ ∂
µφ− V (φ)
)
+ Sm(gµν , ψ). (86)
Comparing this with (70) we deduce that f(R) gravity in the Palatini formalism
is equivalent to a Brans-Dicke theory with ωBD = −3/2. Thus, the field equations
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that one obtains from varying the action with respect to the metric and the scalar
field are, respectively,
Gµν =
κ
φ
Tµν − 3
2φ2
(
∇µφ∇νφ− 1
2
gµν∇λφ∇λφ
)
+
1
φ
(∇µ∇νφ− gµνφ)− V (φ)
2φ
gµν ,
(87)
φ =
φ
3
(R− V ′(φ)) + 1
2φ
∇µφ ∇µφ . (88)
Moreover, Eq. (69) takes the simpler form
2V (φ) − φ V ′(φ) = κ T . (89)
Finally, performing conformal transformation (77) one can rewrite action 86 in the
Eistein frame:
S(Ein)Pal =
∫
d4x
√
−g˜
[
R˜
2κ
− U(φ)
]
+ Sm(φ
−1g˜µν , ψ) , (90)
where
U(φ) =
1
2κ
V (φ)
φ2
. (91)
An important issue has to be stressed at this point. The equivalence between f(R)
and scalar-tensor gravity can be lost, even mathematically, in the presence of sin-
gularities. As discussed in 103, big rip singularities can emerge in these models
related to phantom scalar fields. Furthermore, it is possible to demonstrate that
f(R) gravity singularities in Jordan and Einstein frames correspond.104 Finally,
even if equivalence is fulfilled, the physical interpretation may be different in the
two frames.84, 105
Recently, it has been considered the possibility to combine metric and Palatini
formalism considering a theory of gravity as
F = R+ f(R) , (92)
where R is formulated in metric formalism and f(R), that is the extra terms with
respect to GR, are formulated in Palatini formalism.106–108 This combined approach
(the so called Hybrid Gravity) allows to bypass some shortcomings of both the
scenarios.109
4. Gravity with torsion
The issue about the symmetry of the space-time connection has led to consider
the role of torsion in the description of the gravitational interaction. Quantum ef-
fects are not taken into account in a classical theory as GR. However, those effects
cannot be neglected one deals with any theory involving gravity at a fundamental
level. A straightforward generalization including in GR matter spin fields is ob-
tained when one considers a four-dimensional space-time manifold with torsion. In
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such a picture, mass-energy and spin are, respectively, the sources of curvature and
torsion. A relevant example towards this direction is represented by the Einstein-
Cartan-Sciama-Kibble (ECSK) theory.118 Also, higher dimensional paradigms such
as Kaluza-Klein theories119–121 take into account torsion in unification schemes with
gravity and electromagnetism. Moreover, torsion must be included in any gravity
theory with the presence of twistors,122, 123 and in supergravity where curvature is
considered together with torsion and matter fields.124, 125
Besides, several authors take seriously into account the role played by torsion
in the early universe with the observational consequences at the present time. The
repulsive contributions of torsion to the energy-momentum tensor yield cosmolog-
ical models which are free from singularities.126–128 Topological defects originated
from torsion, in a universe characterized by phase transitions,129–131 are reflected
today into the angular momenta of cosmic structures. Furthermore, the energy-
momentum contribution of torsion influences the cosmological perturbations giving
rise to characteristic lengths in the spectrum.132 The presence of torsion also mod-
ifies the evolution equations of shear, expansion and other kinematic quantities.135
To describe the dynamics of space-time with torsion, it is possible to introduce
tetrad fields eµA. Denoting by A,B,C . . . the coordinates of the tangent space-time,
the tetrad fields are dynamical variables which form an orthonormal basis at each
point xµ of the manifold.133 One thus defines the co-tetrad field eAµ with the following
properties:
eµAe
A
ν = δ
µ
ν , (93)
eµAe
B
µ = δ
B
A . (94)
The metric of tetrad fields is
ηAB = η
AB = diag(1,−1,−1,−1), (95)
from which one can construct the metric tensor as
gµν = ηABe
A
µ e
B
ν . (96)
We thus consider simple bivectors which are obtained by skew-symmetric tensor
product of two vectors. A bivector Bµν is simple if it satisfies the condition
B[µνBρ]σ = 0. (97)
It is possible to construct the N(N − 1)/2 simple bivectors through tetrad vectors
in a N -dimensional manifold as
FµνAB = e
[µ
A e
ν]
B , (98)
while any bivector Bµν takes the form
Bµν = BABeµAe
ν
B, (99)
being BAB = −BBA.
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From the antisymmetric part of the affine connection, we define the torsion
tensor T ρµν as
T ρµν =
1
2
(
Γρµν − Γρνµ
) ≡ Γρ[µν] . (100)
We note that T ρµν = 0 is postulated in GR. It is often useful to define the contorsion
tensor as
K ρµν = −T ρµν − T ρµν + T ρν µ = −K ρµ ν , (101)
and the modified torsion tensor as
Tˆ ρµν = T
ρ
µν + 2δ
ρ
[µ Tν] , (102)
where Tµ ≡ T νµν . From the above definition, we can write the affine connection as
Γρµν =
{
ρ
µν
}−K ρµν , (103)
where
{
ρ
µν
}
are the Christoffel symbols of the symmetric Levi-Civita connection
defined in GR. Since torsion is present in the affine connection, the covariant deriva-
tives of a scalar field φ do not commute:
∇˜[µ∇˜ν]φ = −T ρµν ∇˜ρφ , (104)
while one has the following relations for a vector vµ and a covector wµ:
(∇˜µ∇˜ν − ∇˜ν∇˜µ)vρ = R ρµνσ vσ − 2T σµν ∇˜σvρ , (105)
(∇˜µ∇˜ν − ∇˜ν∇˜µ)wσ = R σµνρ wσ − 2T σµν ∇˜σwρ , (106)
where the Riemann tensor is given as
R σµνρ = ∂µΓ
σ
νρ − ∂νΓσµρ + ΓσµλΓλνρ − ΓσνλΓλµρ . (107)
Also, torsion contributes to the Riemann tensor as
R σµνρ = R
σ
µνρ ({})−∇µK σνρ +∇νK σµρ +K σµλ K λνρ −K σνλ K λµρ , (108)
where R σµνρ ({}) is the tensor of the symmetric connection. Here, ∇˜ and ∇ denote
the covariant derivative with and without torsion, respectively. Thus, the Ricci
tensor reads
Rµν = Rµν({})− 2∇µTρ +∇νK νµρ +K νµλ K λνρ − 2TλK λµρ (109)
and the Ricci scalar is given by
R = R({})− 4∇µT µ +KρλνKνρλ − 4TµT µ . (110)
To understand the geometrical meaning of torsion, we can think in terms of par-
allelograms breaking.134 In a curved space, an infinitesimal parallelogram is formed
when two parts of geodesics are displaced one along the other. Thus, curvature deter-
mines the difference obtained by the parallel transport of a field across both paths.
However, the same procedure applied in a twisted space produces a gap between
the extremities of the two geodesics, i.e. breaking the infinitesimal parallelogram
Fig. 1.
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Fig. 1. Representation of parallelograms determined by torsion.
4.1. Teleparallel Equivalent of General Relativity
Bearing in mind the considerations made above, let us here summarize the so called
Teleparallel Equivalent of General Relativity (TEGR) as an alternative approach
to describe the gravitational interaction (see26 for a review). This scenario was first
studied by Einstein himself as an equivalent alternative to GR and it represents a
gauge theory for the translation group.136, 137 Within this approach, tetrad fields are
used to define the free-curvature Weitzenbo¨ck connection.139 It is worth mentioning
that curvature and torsion are properties of the connection and, within the same
space-time, it is possible to define several different connections.140 While the Riem-
manian structure is related to the Levi-Civita connection, the teleparallel structure
is related to Weitzenbo¨ck connection. These geometrical structures are linked to the
gravitational interaction due to its universality.
Although gravity can be equivalently described in terms of curvature and tor-
sion, conceptual differences occur. In teleparallel theories, torsion accounts for the
gravitational interaction acting like a force, rather than providing a geometric pic-
ture of space-time as in GR. In the teleparallel version of GR, in fact, the geodesic
equation can be seen as the Lorentz force law of electrodynamics.
To describe the teleparallel equivalent of GR, we adopt the notation in which
the Greek indices (µ, ν, ρ, · · · = 0, 1, 2, 3) are related to space-time, and the capital
Latin indices (A,B,C, · · · = 0, 1, 2, 3) denote the tangent space. We assume that
the tangent space is Minkoskian with metric
ηAB = diag(+1,−1,−1,−1) . (111)
Introducing the translation generators PA = ∂/∂x
A, one can define a local transla-
tion on the tangent-space as follows:
δxA = δαBPBx
A , (112)
Then, for a given matter field Ψ, we define its gauge covariant derivative as
DµΨ = eBµ ∂BΨ , (113)
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where
eBµ = ∂µx
B + ABµ , (114)
with ABµ being the gauge potentials. As in the standard Abelian gauge theories,
the field strength reads
FBµν = ∂µA
B
ν − ∂νABµ , (115)
satisfying the following relation:
[Dµ,Dν ]Ψ = FBµνPBΨ . (116)
The teleparallel structure on space-time is induced by nontrivial tetrad fields, which
allow to define the Weitzenbo¨ck connection:
Γˆρµν = eA
ρ∂νe
A
µ , (117)
characterized by torsion with no curvature. As a consequence, the Weitzenbo¨ck
covariant derivative of the tetrad field is identically zero:
∇νeAµ ≡ ∂νeAµ − Γˆρµν eAρ = 0 . (118)
The above condition is known as absolute parallelism. Moreover, one can write the
expression for the torsion related the Weitzenbo¨ck connection as
T ρµν = Γˆ
ρ
νµ − Γˆρµν , (119)
and the corresponding gravitational ”force” is
FAµν = e
A
ρT
ρ
µν . (120)
One can use a nontrivial tetrad field to define also the torsionless Levi-Civita con-
nection of the space-time metric:
◦
Γ
σ
µν =
1
2
gσρ [∂µgρν + ∂νgρµ − ∂ρgµν ] . (121)
The relation between the Weitzenbo¨ck and the Levi-Civita connections is
Γˆρµν =
◦
Γ
ρ
µν +K
ρ
µν , (122)
where Kρµν
Kρµν =
1
2 (Tµ
ρ
ν + Tν
ρ
µ − T ρµν) (123)
is the contorsion tensor. From the identity
Rρλµν = ∂µΓˆ
ρ
λν + Γˆ
ρ
σµ Γˆ
σ
λν − (µ↔ ν) ≡ 0 , (124)
substituting the expression for Γˆρµν given in (122), we find
Rρλµν =
◦
R
ρ
λµν +Q
ρ
λµν ≡ 0 , (125)
where
◦
Rρλµν is the Riemann tensor of the Levi-Civita connection, and Q
ρ
λµν is
expressed in terms of Weitzenbo¨ck connection only:
Qρλµν = DµK
ρ
λν −DνKρλµ +Kσλν Kρσµ −Kσλµ Kρσν (126)
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Here,Dµ is the teleparallel covariant derivative, whose explicit form can be obtained
by operating on a space-time vector V µ:
Dρ V
µ ≡ ∂ρV µ +
(
Γˆµλρ −Kµλρ
)
V λ . (127)
The equivalence between the teleparallel and the Riemann descriptions is clearly
expressed in Eq. (125): the contribution from the Levi-Civita connection (
◦
Rρλµν)
compensates the one from the Weitzenbo¨ck connection (Qρλµν), so that R
ρ
λµν is
identically zero.
Therefore, we can write the Lagrangian of the gravitational field as
LG = e
2κ
Sρµν Tρµν , (128)
where e = det(eaµ) and
Sρµν = −Sρνµ ≡ 1
2
(
Kµνρ − gρν T λµλ + gρµ T λνλ
)
(129)
Using relation (122) and identifying e =
√−g, the Lagrangian (128) results to be
equivalent to the Einstein-Hilbert Lagrangian of GR modulo divergence:
L = − 1
2κ
√−g ◦R . (130)
The teleparallel version of the gravitational field is obtained by varying LG with
respect to the gauge field AB
ρ:
∂σ(eSB
σρ)− 4piG (ejBρ) = 0 , (131)
where SB
σρ ≡ eBλSλσρ. The quantity
ejB
ρ ≡ ∂LG
∂eBρ
= − 1
4piG
eeB
λSµ
νρT µνλ + eB
ρLG (132)
represents the gauge current which coincides with the energy and momentum of the
gravitational field.141 The quantity eSB
σρ is called superpotential as its derivative
provides the gauge current ejB
ρ, which is conserved:
∂ρ(ejB
ρ) = 0 . (133)
Using the following identity
∂ρe ≡ e
◦
Γ
ν
νρ = e
(
Γˆνρν −Kνρν
)
, (134)
Eq. (133) can be written as
Dρ jB
ρ ≡ ∂ρjBρ +
(
Γˆρλρ −Kρλρ
)
jB
λ = 0 , (135)
It is interesting to relate the above gauge approach with canonical GR. To do
that, we use Eq. (117) to express ∂ρeA
λ and rewrite Eq. (131) in the form
∂σ(eSλ
σρ)− 4piG (etλρ) = 0 , (136)
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where
etλ
ρ =
e
4piG
ΓµνλSµ
νρ + δλ
ρLG (137)
represents the standard energy-momentum pseudotensor of the gravitational
field.142, 143 Using Eq. (122), one can rewrite Eq. (136) in terms of the Levi-Civita
connection. Thus, from the equivalence of the Lagrangians, we can reproduce the
Einstein field equations:
e
2
[
◦
Rµν − 1
2
gµν
◦
R
]
= 0 . (138)
This result proves the equivalence of the two approaches and justifies the name
“Teleparallel Equivalent of General Relativity” (TEGR).138
4.2. f(T ) gravity
Among all the models suggested to describe the late-time accelerated expansion,
the teleparallel description of gravity has recently reached much attention.144–147
As for the f(R) theories of gravity, interesting scenarios arise when one replaces the
torsion scalar with a generic function f(T ).148–150 In particular, one considers the
action
S =
∫
d4x e
[
f(T )
2κ
+ Lm
]
, (139)
where e =
√−g = det(eAµ ). The field equations are thus obtained by varying the
action (139) with respect to the vierbein fields:
eρASρ
µν(∂µT )f
′′+
[
1
e
∂µ(ee
ρ
ASρ
µν)− eλAT ρµλSρνµ
]
f ′+
1
4
eνAf =
κ
2
eρAT
(m)
ρ
ν
, (140)
where T (m)ρ
ν
represents the energy-momentum tensor of matter, and the ‘primes’
indicate derivatives with respect to T .
Assuming a spatially flat FLRW background manifold, the vierbein takes the
form
eAµ = diag(1, a, a, a) , (141)
while the dual vierbein is given by eµA = diag(1, a
−1, a−1, a−1). From this choice,
one abtains the well-known metric
ds2 = dt2 − a2(t)δijdxidxj . (142)
Under this assumption, the torsion scalar is related to the Hubble parameter through
T = −6H2 . (143)
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Moreover, considering a perfect fluid for matter and neglecting radiation, the mod-
ified Friedmann equations are thus given as
H2 =
1
3
(ρm + ρT ) , (144)
2H˙ + 3H2 = −1
3
(pm + pT ) , (145)
where ρT and pT are, respectively, the torsional energy density and pressure:
ρT = Tf
′ − f
2
− T
2
, (146)
pT =
f − Tf ′ + 2T 2f ′′
2(f ′ + 2Tf ′′)
. (147)
The above quantities can be then used to define an effective dark energy fluid with
equation of state parameter
wDE ≡ pT
ρT
= −1 + (f − 2Tf
′)(f ′ + 2Tf ′′ − 1)
(f + T − 2Tf ′)(f ′ + 2Tf ′′) . (148)
In particular, when f ′ = 1, one gets wDE = −1 which corresponds to the ΛCDM
case.
The prescription described above can be even extended to consider teleparal-
lel dark energy models, in which a scalar field non-minimally coupled to gravity is
responsible for the cosmic acceleration.151–153 Although a single scalar field is com-
monly employed, multiple field models can be also considered to explain late-time
acceleration and inflation.157 In GR, through a suitable conformal transformation,
the Lagrangian can be written in a particular frame, i.e. Einstein frame, in which
the coupling does not show up. The situation is different in teleparallel gravity,
where no Einstein frames exist even in the case of a single field model.160, 161
We thus can write the generic action for a scalar field φ and the kinetic term
X ≡ ∇µφ∇µφ in the form162
S =
∫
d4x e
[
1
2
f(T, φ,X) + Lm
]
, (149)
Variation of the above action with respect to the vierbein fields gives
Θ µA =
1
2
fe µA + fT
[
e−1∂ν
(
ee ρA S
µν
ρ
)
− e γA SρβµTρβγ
]
+ e ρA S
νµ
ρ ∂νfT
− 1
2
fXe
ν
A ∂
µφ∂νφ , (150)
where fT ≡ ∂f/∂T , fX ≡ ∂f/∂X and
Θ µν = e
A
νΘ
µ
A = −eAν δLm/δeAµ (151)
is the matter energy-momentum tensor. On the other hand, varying the action (149)
with respect to the scalar field yields
φ+
∂αfX
fX
∂αφ− fφ
fX
= 0 , (152)
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where φ = ∂µ
(√−g∂µφ)/√−g. Then, we can write a covariant representation of
Eq. (150) as
Θ µα = fTG
µ
α +
1
2
δµα(f − fTT ) + S νµα ∂νfT −
1
2
fX ∂
µφ ∂αφ, (153)
being G µα the Einstein tensor. Requiring the symmetry and the local invariance of
the energy-momentum tensor under Lorentz transformation, one obtains that(
S λνα g
αµ − S λµα gαν
)
∂λfT = 0. (154)
The form of the field equations under the assumptions (141) and (142) is
ρm = 3H
2fT − 1
2
(f − fTT ) + 1
2
fX φ˙
2, (155)
pm = −
(
3H2 + 2H˙
)
fT +
1
2
(f − fTT )−H ∂0fT , (156)
0 = φ¨+
(
3H +
∂0fX
fX
)
φ˙− fφ
fX
, (157)
under the hypothesis that φ depends only on time at the background level. By
means of the definitions
ρDE = 3H
2(1− fT ) + 1
2
(f − fTT )− 1
2
fX φ˙
2,
pDE = −(3H2 + 2H˙)(1 − fT )− 1
2
(f − fTT ) +H ∂0fT , (158)
Eqs. (155) and (156) read
ρDE + ρm = 3H
2,
pDE + pm = −
(
3H2 + 2H˙
)
, (159)
Therefore, we can finally obtain the dark energy equation of state as wDE =
pDE/ρDE :
wDE = −
1 +
2H˙
3H2
+
wmρm
3H2
1− ρm
3H2
, (160)
where pm = wmρm.
5. Cosmography
The above f(R) and f(T ) gravity are some examples of the possibilities to address
the problem of accelerated speed of the observed universe under the standard of ge-
ometry. However, the degeneracy among the cosmological models invoked to feature
the dark energy behaviour has made clear the need of model-independent techniques
to describe the expansion of the universe. Among all reasonable approaches, cos-
mography has recently attracted a lot of attention.163, 164 This model-independent
technique relies only on the observational assumptions of the cosmological principle
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and permits the study of the dark energy evolution without the need of assuming a
specific cosmological model.1, 165–167 The standard cosmographic approach is based
on Taylor expansions of observables which can be directly compared to data, and
the outcomes of such a procedure are independent of any equation of state postu-
lated to study the cosmic evolution. For these reasons, cosmography turns out to
be a powerful tool to break the degeneracy among cosmological models and it is
currently widely adopted to understand universe’s kinematics.168–200
The cosmological principle demands the scale factor as the only degree of free-
dom governing the universe. One can thus expand a(t) in Taylor series around the
present time:
a(t) = 1 +
∞∑
k=1
1
k!
dka
dtk
∣∣∣∣
t=t0
(t− t0)k . (161)
The above expansion defines the so-called cosmographic series:201
H(t) ≡ 1
a
da
dt
, q(t) ≡ − 1
aH2
d2a
dt2
, (162a)
j(t) ≡ 1
aH3
d3a
dt3
, s(t) ≡ 1
aH4
d4a
dt4
, (162b)
which are known as the Hubble, deceleration, jerk and snap parametersd. These
quantities are used to study the dynamics of the late-time universe. The physical
properties of the coefficients can be deduced by the shape of the Hubble expan-
sion. In particular, the sign of the parameter q indicates whether the universe is
accelerating or decelerating. The sign of j determines the change of the universe’s
dynamics, a positive value indicating the occurrence of a transition time during
which the universe modifies its expansion. Moreover, the value of s is necessary
to discriminate between an evolving dark energy term or a cosmological constant
behaviour.
From the definition z = a−1−1 and Eq. (161), one obtains the Taylor expansion
of the luminosity distance:
dL(z) =
z
H0
[
1 +
z
2
(1− q0)− z
2
6
(
1− q0 − 3q20 + j0
)
+
+
z3
24
(
2− 2q0 − 15q20 − 15q30 + 5j0 + 10q0j0 + s0
)
+O(z4)
]
. (163)
The above expression can be used to constrain the cosmographic series and frame
the expansion of the universe without resorting to any a priori cosmological model.
In fact, one can insert Eq. (163) into
H(z) =
[
d
dz
(
dL(z)
1 + z
)]−1
, (164)
dOne may, in principle, consider high-order terms in the series. However, we here limit our study
up to the snap parameter, as the current observations are not able to properly constrain the next
order terms.202
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and find
H(z) ≃ H0
[
1 +H(1)z +H(2)
z2
2
+H(3)
z3
6
]
, (165a)
H(1) = 1 + q0 , (165b)
H(2) = j0 − q20 , (165c)
H(3) = 3q20 + 3q
3
0 − j0(3 + 4q0)− s0 . (165d)
Useful relations are obtained by expressing the cosmographic series in terms of the
time-derivatives of the Hubble rate:
q = −1− H˙
H
, (166)
j = 1 +
H˙ + H¨
H2
, (167)
s = 1 +
2
H2
(
3H˙ + 2H¨
)
+
1
H4
(
3H2 +
...
H
)
. (168)
The above equations permit to calculate the cosmografic coefficients for a given
cosmological model.
5.1. Limits of standard cosmography
Although powerful and simple to apply, the cosmographic method is plagued with
several shortcomings which limit the possibility to use it in certain circumstances.
The main problem concerns the inability of the currently available cosmological
data to put tight constraints on the cosmographic parameters and fix the kinematic
expansion of the universe especially at early stages. Also, the arbitrary order of
truncation of the Taylor series might compromise the predictive power of cosmog-
raphy. Another important issue is the degeneracy between all of the cosmographic
coefficients. The impossibility to measure them separately but only the sum leads
to different results depending on the probability distribution associated with each
coefficient.
Moreover, the role of spatial curvature is crucial in cosmographic constraints. In
fact, Ωk 6= 0 causes a dark energy equation of state evolving with time,203, 204 which
fixes a priori the dark energy term. Due to the close relation between luminosity dis-
tance and spatial curvature, one is forced to fix the value of Ωk in order to constrain
the cosmographic parameters. In doing so, the resulting series is the expression of
the universe with that assumed curvature. Furthermore, Ωk is strongly degenerate
with the other cosmographic coefficients, which cannot be measured independently
if the curvature is not fixed. On the one hand, assuming a precise value of Ωk may
affect the dark energy reconstruction while, on the other hand, convergence issues
could arise if Ωk is not postulated a priori.
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5.2. Improving standard cosmography
The standard cosmographic approach suffers from severe issues when high-redshift
data are used to study the dark energy behaviour.200 The restricted convergence of
the Taylor series makes this method poorly predictive for cosmographic analysis at
z > 1.
5.2.1. The method of Pade´ polynomials
A way to overcome these restrictions is offered by Pade´ rational polynomials.205
The method of Pade´ approximations is built up from the standard Taylor series of
a generic function f(z):
f(z) =
∞∑
i=0
ciz
i , (169)
where ci = f
′(0)/i!. We thus define the (n,m) Pade´ approximation of f(z) as
Pn,m(z) =
n∑
i=0
aiz
i
1 +
m∑
j=1
bjz
j
. (170)
whose Taylor expansion agrees with Eq. (169) to the highest possible order, i.e.

Pn,m(0) = f(0) ,
P ′n,m(0) = f
′(0) ,
...
P (n+m)n,m (0) = f
(n+m)(0) .
(171)
The n+1 independent coefficients in the numerator and m independent coefficients
in the denominator of Eq. (170) make n+m+1 the number of total unknown terms.
These can be determined by imposing
f(z)− Pn,m(z) = O(zn+m+1) , (172)
from which one obtains
(1+ b1z+ . . .+ bmz
m)(c0+ c1z+ . . .) = a0+ a1z+ . . .+ anz
n+O(zn+m+1) . (173)
Then, equating the coefficients with the same power provides a set of n + m + 1
equations for the n+m+ 1 unknown terms ai and bi:

ai =
i∑
k=0
bi−k ck ,
m∑
j=1
bj cn+k+j = −b0 cn+k , k = 1, . . . ,m .
(174)
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Recent applications of Pade´ approximations in the cosmological context have shown
the good properties of this technique to alleviate the convergence problems at high
redshifts.207–209 Also in this approach all physical information got from data, i.e.
the cosmographic series, is based on assuming cosmic homogeneity and isotropy
only. We can summarize the advantages of Pade´ rational approximations as follows:
• the series can heal bad convergence issues in the data ranges;
• the series can decrease error propagations outside the interval z < 1;
• the series can be calibrated by choosing appropriate orders depending on the
specific situation.
Nevertheless, the Pade´ polynomials suffer from some issues:
• the convergence of the series is not known a priori, and directly comparing with
data is necessary in order to the specify the appropriate order;
• possible poles characteristic of the series within the observational domain may
limit the convergence;
• there could exist a degeneration among different series.
A detailed study of Pade´ approximations in the cosmographic context has been
performed in 210, where the authors showed the advantages of this method by an-
alyzing several Pade´ expansions and comparing them with different cosmological
observables. They obtained bounds on the cosmographic series and investigated
how to reduce the errors systematics and to overcome degeneracy between the cos-
mological parameters. We report in Appendix B some explicit expressions of the
Pade´ approximations of the luminosity distance.
5.2.2. The method of Chebyshev polynomials
We have seen that Pade´ method still leaves a degree of subjectivity in the choice
of the highest orders of expansion. In addition, the Pade´ treatment works much
better as one has to approximate non-smooth functions in which other numerical
methods fail. This happens as one needs to approximate flexes or discontinuities in
domains. Unfortunately, this is not the case of cosmic distances. So that, from the
one hand it is possible to heal the convergence problem, but from the other hand one
conceptually uses Pade´ series to approximate well-defined cosmic distances, albeit
no poles are effectively involved.
To alleviate these caveats, we proposed in 211 a new cosmographic method based
on ratios of Chebyshev polynomials. We showed that they reduce systematics on
fitted coefficients, and candidate as a serious alternative to Taylor and Pade´ series
in cosmology. The Chebyshev polynomials Tn(z) are defined as
Tn(z) = cos(nθ) , (175)
where θ = arccos(z) and n ∈ N0. They are orthogonal polynomials with respect to
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the function w(z) = (1 − z2)−1/2 for |z| ≤ 1212 such that
∫ 1
−1
Tn(z)Tm(z)w(z) =


pi , n = m = 0
pi
2
δnm , otherwise
(176)
It is possible to generate the Chebyshev polynomials from the recurrence relation:
Tn+1(z) = 2zTn(z)− Tn−1(z) . (177)
The explicit expressions up to the fifth order are the following:e
T0(z) = 1 ,
T1(z) = z ,
T2(z) = 2z
2 − 1 ,
T3(z) = 4z
3 − 3z ,
T4(z) = 8z
4 − 8z2 + 1 ;
(178)
which will be employed to build the new expression for dL(z). The powers of z can
be expressed in terms of the Chebyshev polynomials as
zn = 21−n
[n/2]∑
k=0
ak
(
n
k
)
Tn−2k(z) , (179)
for n > 0, being [n/2] the integer part of n/2, ak = 1/2 if k = n/2 and ak = 1 if
ak 6= n/2.
Suppose f(z) ∈ L2w, where L2w is the Hilbert space of the square-integrable
functions with respect to w−1(z) dz. If the truncated Taylor series of f(z) around
the point z = 0, g(z), is known, it is possible to obtain the polynomial of degree
n,
∑n
k=0 ckTk , giving the best approximation of f(z) in the interval [−1, 1] in L2w.
Then, the Chebyshev series expansion of f(z) can be written as
f(z) =
∞∑
k=0
ckTk(z) , (180)
where 

c0 =
1
pi
∫ 1
−1
g(z) T (z) w(z) dz ,
ck =
2
pi
∫ 1
−1
g(z) T (z) w(z) dz , k > 0 .
(181)
eWe here truncate up to the fifth order, since additional contributions go beyond this treatment.
In so doing, we arrive to analyse up to snap parameter s0.
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Therefore, the (n,m) rational Chebyshev approximant is
Rn,m(z) =
n∑
i=0
aiTi(z)
1 +
m∑
j=1
bjTj(z)
. (182)
Equating Eq. (180) and Eq. (182) up to the (n+m)-th Chebyshev polynomial, one
obtains the unknown coefficients ak and bk:
f(z) = Rn,m(z) +O(Tn+m+1) . (183)
By doing so, one gets
(1+b1T1+. . .+bmTm)(c0+c1T1+. . .) = a0+a1T1+. . .+anTn+O(Tn+m+1) . (184)
The products of The Chebyshev polynomials on the left hand side of Eq. (184) can
be obtained through the trigonometric identity
cos(nθ) cos(mθ) =
1
2
[
cos
[
(n+m)θ
]
+ cos
[
(n−m)θ]],
leading to
Tn(z)Tm(z) =
1
2
[
Tn+m(z) + T|n−m|(z)
]
. (185)
Hence, equating the terms with the same degree of T ’s one has

ai =
1
2
m∑
j=0
′ bj(ci+j + c|i−j|) = 0 , i = 0, . . . , n
m∑
j=0
′ bj(ci+j + c|i−j|) = 0 , i = n+ 1, . . . , n+m .
(186)
The above formalism can be easily generalized for z in an arbitrary interval [a, b]. To
do that, one can define the generalized Chebyshev polynomials T
[a,b]
n (z) = cos(nθ),
where z is the new variable
z =
a(1− cos θ) + b(1 + cos θ)
2
. (187)
This is obtained by means of
cos θ =
2z − (a+ b)
b− a , (188)
so that θ ∈ [−pi, pi] while z ∈ [a, b]. From the ordinary Chebyshev polynomials it is
possible to obtain the generalized polynomials through
T [a,b]n (z) = Tn
(
2z − (a+ b)
b− a
)
. (189)
T
[a,b]
n (z) form an orthogonal set with respect to the weighting function213
w[a,b](z) = [(z − a)(b − z)]−1/2 , (190)
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so that
〈T [a,b]m , T [a,b]n 〉 =
∫ b
a
dz w[a,b](z) T
[a,b]
n (z) T
[a,b]
m (z) . (191)
Then, the orthogonality condition reads
〈T [a,b]m , T [a,b]n 〉 =


pi , n = m = 0
pi
2
δnm , otherwise
(192)
since T
[a,b]
n (z) = cos(nθ) and dθ = −w[a,b]dz.
To approximate the luminosity distance with Chebyshev polynomials, we need
to calculate the coefficients ck in Eq. (181) where g(z) is the Taylor expansion (163).
The fourth-order Chebyshev expansion of the luminosity distance reads
dL(z) =
1
H0
4∑
n=0
cnTn(z) , (193)
where the coefficients cn are:
c0 =
1
64
[
18 + 5j0(1 + 2q0)− 3q0
(
6 + 5q0(1 + q0)
)
+ s0
]
,
c1 =
1
8
(
7− j0 + q0 + 3q20
)
,
c2 =
1
48
[
14 + 5j0(1 + 2q0)− q0
(
14 + 15q0(1 + q0)
)
+ s0
]
,
c3 =
1
24
(− 1− j0 + q0(1 + 3q0)),
c4 =
1
192
[
2 + 5j0(1 + 2q0)− q0
(
2 + 15q0(1 + q0)
)
+ s0
]
.
We report some explicit expressions of the rational Chebyshev approximations of
dL(z) in Appendix C. High-order polynomials leading to more accurate approxi-
mations are characterized by more complicated forms. The most suitable choice
of Chebyshev approximation lies on assuming the correct set of coefficients which
avoids one to encounter poles in the numerical analyses. This strategy can be per-
formed by simply requiring no poles in the investigated redshift domain. Moreover,
the underlying request over coefficient priors also gives an indication on which are
the most viable orders to use in Chebyshev expansions.
We compare the various Chebyshev approximations with the ΛCDM luminosity
distance to check their accuracy. In the case of the standard model, the cosmographic
series are calculated in terms of Ωm0:
q0,ΛCDM = −1 + 3
2
Ωm0 ,
j0,ΛCDM = 1 ,
s0,ΛCDM = 1− 9
2
Ωm0 .
(194)
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As an indicative example, we fix Ωm0 = 0.3. From Eq. (194) one then get

q0 = −0.55 ,
j0 = 1 ,
s0 = −0.35 .
(195)
Adopting the values of Eq. (195), in Fig. 2 we show dL(z) ≡ H0×dL(z) for different
degrees of Chebyshev approximations.
Fig. 2. Dimensionless luminosity distance in terms of the redshift in the case of rational Cheby-
shev approximations (R1,1), (R1,2, R2,1) and (R1,3, R2,2, R3,1) orders; it is possible to notice the
comparison with the ΛCDM model. Choosing a set of values for the free parameters enables to
get the correct expansion orders in Chebyshev analyses.
5.2.3. The convergence radius of rational approximations
To verify the effective improvement of the new cosmographic technique in approxi-
mating cosmic distances, it is necessary to test the stability of Chebyshev approxi-
mations at high-redshift domains. Therefore, one can study the convergence radius
ρ of the various cosmographic methods.
As an example, we compare the convergence radius of the (1,1) rational Cheby-
shev approximation of dL(z) with the second-order Taylor and the (1,1) Pade´ ap-
proximations. From Eqs. (178) and (182), it follows
R1,1(z) =
a0T0(z) + a1T1(z)
1 + b1T1(z)
=
a0 + a1z
1 + b1z
, (196)
where {a0, a1, b1} are expressed in terms of the series given in Eq. (C.1). One can
recast Eq. (196) as
R1,1 =
a0
1 + b1z
+
a1
b1
(
1− 1
1 + b1z
)
, (197)
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which leads to
R1,1 =
a1
b1
+
(
a0 − a1
b1
) ∞∑
n=0
(−b1)nzn . (198)
The convergence radius of the geometric series in Eq. (198) is thus
ρR1,1 =
1
|b1| =
∣∣∣∣ −3(7− j0 + q0 + 3q20)14 + 5j0(1 + 2q0)− q0(14 + 15q0(1 + q0))+ s0
∣∣∣∣. (199)
For the (1,1) Pade´ approximation of dL(z), similar calculations yield
ρP1,1 =
2
1− q0 , (200)
while, in the case of the second-order Taylor series, one has
ρdL,2 =
1− q0
2
. (201)
The proper procedure should make use of fitting results over the cosmographic
coefficients to compute ρR1,1 , ρP1,1 and ρdL,2 . However, an immediate check can be
done assuming the reference values given by Eq. (194), in which case one finds

ρR1,1 = 1.014 ,
ρP1,1 = 1.290 ,
ρdL,2 = 0.775 .
(202)
The above results demonstrate the improvements obtained in the case of ratio-
nal polynomials. In Fig. 3 we show the convergence radii for Taylor, Pade´ and
Chebyshev polynomials using a different calibration with respect to the concor-
dance paradigm.
5.3. Observational constraints
In 211 we tested the new method of rational Chebyshev polynomials against other
cosmographic approaches by performing a Markov Chain Monte Carlo (MCMC)
integration on the combined likelihood of the SN Ia JLA data,214 and other low-
redshift measurements such as the Observational Hubble data215 (OHD) and Baryon
Acoustic Oscillations216 (BAO) (see Table 6 and Table 7). Assuming the uniform
priors listed in Table 1, we show in Table 2 the results of the joint analysis obtained
through the Metropolis numerical algorithm implemented by the Monte Python
code.217 We also show, in Fig. 4, Fig. 5, and Fig. 6, the marginalized contours and
posterior distributions for the different cosmographic techniques. As shown in Ta-
ble 3, the relative uncertainties for the cosmographic parameters are clearly reduced
in the case of rational Chebyshev polynomials compared to the other approximation
methods.
An interesting fact to note is that, by construction, one uses Chebyshev poly-
nomials with lower orders than Taylor series and Pade´ approximants. This mostly
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Fig. 3. Convergence radii for different orders. In particular, for second-order Taylor (dashed
curve) and equivalent (1,1) Pade´ (dotted curve) and (1,1) rational Chebyshev (solid curve). In the
picture of Chebyshev approximation we took j0 = 2, s0 = −1.
reduces the computational difficulties in implementing cosmic data, although does
not accurately fixes the highest-order parameter in the approximation. This is the
case of s0 whose error bars are not significantly improved adopting Chebyshev poly-
nomials. To overcome this issue, it would be enough to increase the Chebyshev order
to better fix s0 than Taylor and Pade´ treatments.
Table 1. Parameter priors
used for MCMC, with H0 in
units of Km/s/Mpc and rd in
units of Mpc.
Parameter Prior
H0 (50, 90)
q0 (−10, 10)
j0 (−10, 10)
s0 (−10, 10)
M (−20,−18)
∆M (−1, 1)
α (0, 1)
β (0, 5)
rd (140, 160)
April 3, 2019 0:31 WSPC/INSTRUCTION FILE Review
EXTENDED GRAVITY COSMOGRAPHY 39
Table 2. 1 and 2 σ confidence level got from the MCMC analysis using SN+OHD+BAO data
surveys in the case of fourth-order Taylor, (2,2) Pade´ and (2,1) rational Chebyshev polynomial
approximations of dL.
Parameter
Taylor Pade´ Rational Chebyshev
Mean 1σ 2σ Mean 1σ 2σ Mean 1σ 2σ
H0 65.80
+2.09
−2.11
+4.22
−4.00 64.94
+2.11
−2.02
+4.12
−4.13 64.95
+1.89
−1.94
+3.77
−3.77
q0 −0.276
+0.043
−0.049
+0.093
−0.091 −0.285
+0.040
−0.046
+0.087
−0.084 −0.278
+0.021
−0.021
+0.041
−0.042
j0 −0.023
+0.317
−0.397
+0.748
−0.685 0.545
+0.463
−0.652
+1.135
−1.025 1.585
+0.497
−0.914
+1.594
−1.453
s0 −0.745
+0.196
−0.284
+0.564
−0.487 0.118
+0.451
−1.600
+3.422
−1.921 1.041
+1.183
−1.784
+3.388
−3.087
M −19.16 +0.07
−0.07
+0.14
−0.14 −19.03
+0.02
−0.02
+0.05
−0.05 −19.17
+0.07
−0.07
+0.13
−0.13
∆M −0.054
+0.023
−0.022
+0.044
−0.045 −0.054
+0.022
−0.023
+0.045
−0.045 −0.050
+0.022
−0.022
+0.044
−0.045
α 0.127 +0.006
−0.006
+0.012
−0.012 0.127
+0.006
−0.006
+0.012
−0.012 0.130
+0.006
−0.006
+0.012
−0.012
β 2.624 +0.071
−0.068
+0.136
−0.140 2.625
+0.065
−0.069
+0.137
−0.135 2.667
+0.068
−0.069
+0.137
−0.135
rd 149.2
+3.7
−4.1
+7.7
−7.5 148.6
+3.5
−3.8
+7.5
−7.1 147.2
+3.7
−4.0
+7.8
−7.5
Table 3. 68% and 95% errors on the cosmographic outputs got by MCMC analysis in which
we used SN+OHD+BAO data in the case of fourth-order Taylor, (2,2) Pade´ and (2,1) rational
Chebyshev polynomial approximations of dL.
Parameter
Taylor Pade´ Rational Chebyshev
1σ 2σ 1σ 2σ 1σ 2σ
H0 3.19% 6.25% 3.17% 6.35% 2.95% 4.11%
q0 16.8% 33.5% 15.1% 30.1% 7.66% 14.8%
j0 1534% 3079% 102% 198% 44.5% 96.1%
s0 32.2% 70.5% 866% 2258% 142% 311%
5.4. The Eis method
In this subsection it is relevant to cite a possible approach which consists in testing
cosmography with the Hubble parameter, without making use of rational approxi-
mations. Formally, the Hubble function in Taylor series around z = 0 is
E(z) ≡ H(z)
H0
=
∑
i
1
i!
Eiz
i (203)
with Ei = H
(i)(z)/H0|z=0. Hereafter we baptize with eis coefficients the first four
terms in the expansions, which read:
E0 = 1,
E1 = 1 + q0,
E2 = −q20 + j0, (204)
E3 = 3q
2
0 + 3q
3
0 − j0(4q0 + 3)− s0.
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Fig. 4. 1σ and 2σ confidence level contours and posterior distributions inferred from the MCMC
analysis by combining SN+OHD+BAO data surveys. The results have been obtained for fourth-
order Taylor approximation of dL. The units of H0 are Km/s/Mpc, whereas rd in Mpc.
To reduce systematics, a possible trick is to use directly the Taylor expansion of
H(z)218 within the comoving distance η(z) =
∫ z
0
dz′
H(z′) and integrate numerically
to obtain the luminosity distance. Details of numerical simulations and strategies
have been reported in,219 in which the estimation of the eis parameters through a
hierarchical manner has been performed by:
d˜L(z;E1, E2, E3) =


d˜
(1)
L (z) z < zlow
d˜
(2)
L (z) zlow < z < zmid
d˜
(3)
L (z) zmid < z < zhigh.
(205)
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Fig. 5. 68% and 95% confidence levels and corresponding contours with posterior distributions
determined from the MCMC analysis. Here, we considered a combined SN+OHD+BAO survey
for the (2,2) Pade´ approximation of dL. H0 is written in Km/s/Mpc, while rd in Mpc.
A good choice for redshift cut-offs is
zlow = 0.05, zmid = 0.4, zhigh = 0.9. (206)
With simple considerations, adopting binning procedure for Ei’s and standard cos-
mography, one can mix the two approach to reduce significantly the error propa-
gations of every cosmographic analysis. As a genuine example, a module for the
code CosmoMC220 to draw the likelihood distributions for all the methods is avail-
able at https://github.com/alejandroaviles/EisCosmography; also, all the simulated
catalogs and further statistics can be found there.
A simple representation of the improvements of the method can be found in Fig.
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Fig. 6. Contours and posterior distributions for 68% and 95% confidence levels. We got these
plots from the MCMC analysis of the whole SN+OHD+BAO data set in the case of (2,1) rational
Chebyshev approximation of dL, with H0 in Km/s/Mpc, and rd in Mpc.
(7)
The need of additional methods, different from standard approaches, is essential
to overcome the broadening of coefficients due to systematics and error propagation.
Often this problem has been imputed to the lacking of cosmic data. However, discus-
sions over this issue are still open.221 An intriguing open challenge would be unifying
the Ei’s method with rational approximations, either with rational approximations
or in the framework of extended and/or modified theories of gravity.
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Fig. 7. 2D confidence regions for Ωm and w, as a pure example for comparing standard cosmog-
raphy and Eis procedures. It is possible to notice that standard cosmography is unpredictive at
2σ.
6. Model-independent reconstruction of f(R) gravity
The above cosmographic analysis can be adopted to reconstruct dark energy models
deriving the functional forms of Lagrangians from observational data. The method
can be considered as a sort of Inverse Scattering to approach the cosmological
problem. In this section, we reconstruct, from cosmography, the f(R) gravity action
both in the metric and in the Palatini formalisms, without postulating any specific
functional form. A standard procedure in the f(R) studies consists of assuming the
gravity action and then finding out the dynamics by solving the modified Friedmann
equations. The standard approach relies on postulating the form of f(R) a priori,
which determines the cosmological model. In what follows, instead, we present a
model-independent method to reconstruct the functional form of the action. To this
end, we use rational polynomials to obtain accurate cosmographic approximations of
the luminosity distance up to high redshifts. We shall study the late-time expansion
history of the universe and discuss possible departures from GR and then the ΛCDM
model.
6.1. The metric formalism case
Let us start with the model-independent reconstruction of the f(R) action in the
metric formalism.222 The determination of f(R) through the match with cosmic
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data has been subject of a wide discussion in the last years.92, 223, 224 In particu-
lar, the method of Taylor-expanding f(R) for R approaching its late-time values
is limited by the short range of redshift characteristic of observational data. Also,
the truncation of the Taylor polynomial reproducing the f(R) function unavoid-
ably introduces errors in the analysis. In this respect, Pade´ polynomials may offer
a possible solution to the convergence problem. Motivated by the results already
obtained,210 let us consider the (2,1) Pade´ approximation of the Hubble rate:
H21(z) =
[
2H0(1 + z)
2
(
3 + z + j0z − q0(3 + z + 3q0z)
)2]× [18(q0 − 1)2 + 6(q0 − 1)(− 5− 2j0 + q0(8 + 3q0))z + (14 + 2j20 + j0(7− q0(10 + 9q0))+ q0(− 40
+ q0(17 + 9q0(2 + q0))
))
z2
]−1
. (207)
We note that that H21(z) is expressed in terms of the cosmographic series up to
the jerk parameter, whereas the third-order Taylor approximation contains also the
snap parameter. To apply our strategy, we first convert the time derivatives and
the derivatives with respect to R into derivatives with respect to z according to the
prescription
dF
dt
= −(1 + z)HFz , (208)
∂F
∂R
=
1
6
[
(1 + z)H2z +H (−3Hz + (1 + z)Hzz)
]−1
Fz , (209)
where F(z) is an arbitrary function and we denote derivatives with respect to the
redshift by the subscripts ‘z’. Then, after determining the values of the cosmographic
parameters, one can combine Eq. (39) and Eq. (41) and use Eq. (38). This provides
us with the following second-order differential equation for f(z):
H2fz =
[
− (1 + z)H2z +H
(
3Hz − (1 + z)Hzz
)][− 6H20 (1 + z)3Ωm0 − f
− Hfz (2H − (1 + z)Hz)
(1 + z)H2z +H (−3Hz + (1 + z)H2zz)
− fzz
(
(1 + z)H2z +H(−3Hz + (1 + z)Hzz)
)
[
(1 + z)H2z +H
(− 3Hz + (1 + z)Hzz)]2
× (1 + z)H2 −
(1 + z)H2
(
fz
(
2H2z − 3(1 + z)HzHzz +H(2Hzz − (1 + z)Hzzz)
))
[
(1 + z)H2z +H
(− 3Hz + (1 + z)Hzz)]2
]
.
(210)
The initial conditions needed to solve the above equation can be obtained by com-
bining the condition f ′(R0) = 1 together with evaluating Eqs. (39), (41) and (42)
at the present time:
f0 = R0 + 6H
2
0 (Ωm0 − 1) , (211)
fz
∣∣
z=0
= Rz
∣∣
z=0
. (212)
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In what follows, we fix Ωm0 = 0.3. Regarding the cosmographic parameters, for the
(2,1) Pade´ approximation, we use the results found in 210:


h = 0.7064+0.0277−0.0263 ,
q0 = −0.4712+0.1224−0.1106 ,
j0 = 0.593
+0.216
−0.210 ,
(213)
and for the third-order Taylor expansion:


h = 0.7253+0.0353−0.0351 ,
q0 = −0.6642+0.2050−0.1963 ,
j0 = 1.223
+0.644
−0.664 ,
s0 = 0.394
+1.335
−0.731 .
(214)
Hence, we can reconstruct f(z) numerically by inserting Eq. (207) into Eq. (180).
The f(R) function resulting from the reconstruction procedure will be negative
due to the metric signature adopted in the analysis. Consistently, f(z) must be a
negative function as for the case of upper bound results of (213). In Fig. 8 we show
the numerical reconstruction of f(z) for the (2,1) Pade´ approximation.
Fig. 8. Plot of the numerical shape of |f(z)| approximated by using the (2,1) Pade´ polynomial.
To find the analytical match for f(z), we considered the following test-functions
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with three free constant coefficients (A, B, C):
Exponential
f1(z) = Az + Bz3eCz (215a)
f2(z) = A+ Bz2 sinh(1 + Cz) (215b)
f3(z) = Az + Bz3 cosh(Cz) (215c)
f4(z) = Az2 + Bz4 tanh(Cz) (215d)
Trigonometric
f5(z) = Az3 + Bz5 sin(1 + Cz) (215e)
f6(z) = Az3 + Bz4 cos(1 + Cz) (215f)
f7(z) = Az + Bz2 tan(Cz) (215g)
Logarithmic
f8(z) = Az + Bz3 ln(1 + Cz) (215h)
Then, we perform the F -statistics :226
F = (TSS− RSS)/p
RSS/(n− p− 1) , (216)
where
TSS =
n∑
i=1
(yi − y¯)2 , (217)
RSS =
n∑
i=1
(yi − yˆi)2 , (218)
and
y¯ =
1
n
n∑
i=1
yi . (219)
Here, yi are the observed value while yˆi are the values predicted by the model;
n is the number of observations and p the number of predictors. The goodness of
the model is tested by comparing the null hypothesis (the explanatory power of
the model is null as all the regression coefficients are zero) with the case in which
there exists at least one non-zero regression coefficient. While in other tests such as
t-statistics and p-value the goodness of the model is measured by looking for any
association between the individual variables and the response, in the F -statistics
the model is tested through the joint explanatory power of its predictors. For large
p it may happen, in fact, that the p-values are small even when there is no real
association between the predictors and the response. Furthermore, the advantage
of the F -statistics with respect to R2-test f relies on the presence of the number of
f It is worth noticing that, a part the abuse of notation, R2 is not the R scalar curvature of Palatini
formalism.
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predictors. Adding more predictors to the model makes R2 always increase, even
if the association between those variables and the response is weak. It is actually
possible to express the F -statistics in terms of R2 as
F = R
2/p
(1−R2)/(n− p− 1) . (220)
The higher the values of F , the higher the evidence against the null hypothesis, for
which we expect very small R2 and F . In this study, p = 3 is the number of free
Table 4. F-statistics on Eqs. (215a)–(215h) for the (2,1) Pade´ ap-
proximation.
Test-function (A,B, C) F(×106)
f1(z) (−8.078,−0.530, 0.005) 31.7
f2(z) (−6.147,−2.148, 0.080) 13.5
f3(z) (−8.046,−0.541, 0.025) 3.637
f4(z) (−3.699, 0.027,−562.2) 4.535
f5(z) (−0.708,−0.001, 1.095) 0.118
f6(z) (−0.717,−0.008, 0.) 0.142
f7(z) (−41.30, 0.002, 1.000) 0.026
f8(z) (−11.69,−0.208, 1.182) 1.484
parameters and n = 1000 are the points generated from the numerical solution of
f(z). The results shown in Table 4 indicate that the best analytical match for f(z)
is
f(z) = Az + Bz3eCz , (221)
where
(A,B, C) = (−8.078,−0.530, 0.005) . (222)
In Fig. 9 we show the comparison between the numerical and the analytical solutions
of f(z) in the domain z ∈ [0, 10].
To determine f(R), we need to invert the function R(z) and insert back into
Eq. (221). This procedure can be only done numerically due to the impossibility for
an analytical inversion of Eq. (207). Therefore, we used Eq. (38) to find z(R) (see
Fig. 10), which we plugged into Eq. (221) to finally obtain f(R) (see Fig. 11).
From Fig. 12 and Fig. 13 we can see that our model fulfils the viability conditions
discussed in Sec. 3.1. However, Fig. 12 indicates that f ′(R) becomes higher than one
for large curvatures, due to the condition imposed on f ′(R0). A correct asymptotic
behaviour can be found by relaxing the assumption f ′(R0) = 1, i.e. requiring that
Geff is slightly different from G, within the limits imposed by the most recent
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Fig. 9. Comparison between |f(z)| and the functional form Eq. (221) provided by (2,1) Pade´
approximation.
Fig. 10. Framing z(R) out for (2,1) Pade´ polynomial.
measurements.227 In light of this, one can modify Eqs. (211) and (212) as follows:
f0 = f
′(R0)(6H
2
0 +R0)− 6H20Ωm0 , (223)
fz
∣∣
z=0
= f ′(R0) Rz
∣∣
z=0
. (224)
In Fig. 14 we show the results we obtain by using the above relations to find
the auxiliary function f(z). Finally, it is important to stress that the asymptotic
value of f ′(R) depends on the accuracy of the cosmographic series at high red-
shifts. The predictive power and the convergence radius of the Pade´ polynomials
could be further improved by considering high-order terms, so that the difference
f ′(R)numerical−f ′(R)exact at large curvatures can be make smaller up to the desired
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Fig. 11. Reconstructed |f(R)| function developed in the case of (2,1) Pade´ polynomial inside
z ∈ [0, 10]
Fig. 12. Behaviour of df/dR as byproduct of (2,1) Pade´ polynomial inside z ∈ [0, 10].
level.
We can now study the behaviour of the dark energy equation of state wDE in-
ferred from the reconstructed f(R) function. For this purpose, we rescaled Eq. (221)
to take into account the error propagation in the numerical procedure:
f(z) −→ λ+ f(z) . (225)
Here, λ does not come as vacuum energy contribution but it plays the role of a
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Fig. 13. Behaviour of |d2f/dR2| as byproduct of (2,1) Pade´ polynomial inside z ∈ [0, 10].
Fig. 14. Behaviour of f ′(R) for different values of Geff .
scaling constant which guaranties the matching between the numerical value of
f(z) at z = 0 and the physical condition f ′(R0) = 1. The value of λ can be found
by imposing the condition of present acceleration:
− 1 ≤ wDE
∣∣∣
z=0
< −1
3
, (226)
which yields
λ & 19.3 . (227)
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The behaviours of curvature density and curvature pressure are displayed inn Fig. 15
and Fig. 16 for an indicative value of λ = 100. Fig. 17 shows the effective dark en-
ergy equation of state parameter for various values of λ according to (227).
Fig. 15. Curvature density with Pade´ approximation. Here we use λ = 100.
Fig. 16. Curvature pressure with Pade´ approximation. Here we use λ = 100.
Finally, to better check the benefits of the analysis based on Pade´ approximations
with respect to the standard approach based on the Taylor series, we used Eq. (246)
to solve Eq. (210) with the best-fit results of (214). The comparison between the
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Fig. 17. Dark energy equation of state with different values of λ in Pade´ approximation
two methods are shown in Fig. 18, from which we see that the Taylor approach
is no longer predictive at z & 0.3. Inverting numerically Eq. (246) with the use
of Eq. (38) gives z(R) (see Fig. 19), which we inserted into f(z) to find the f(R)
function in the case of the Taylor approximation (see Fig. 20).
Fig. 18. Comparing |f(z)| with (2,1) Pade´ (solid red) and third-order Taylor (dashed blue) ap-
proximations.
We shall now study the dark energy equation of state parameter for the Taylor
approach and compare it with the results of the Pade´ approximation. Applying to
the Taylor approximation the rescaling (225) and the condition (226), one gets
λ & 1196 . (228)
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Fig. 19. Numerical shape of z(R) third-order Taylor approximation.
Fig. 20. Reconstructing f(R) models with third-order Taylor approximation.
The dark energy equation of state parameter shown in Fig. 21 experiences a the
phantom-line crossing at z ∼ 0.3 . This confirms the problems of the Taylor approach
to account for high-redshift observations.
At this point, some important remarks are in order. As discussed in 228, a
cosmological reconstruction scheme for f(R) gravity can be developed in terms
of e-folding (or, redshift). In such an approach FLRW cosmology emerges from
specific f(R) models. The application of this scheme allows a viable unification of
inflation with dark energy bypassing the shortcoming related to the Taylor series
adopted for the luminosity distance. The reconstruction scheme may be generalized
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in presence of scalar fields.228 By reconstruction techniques applied to f(R) gravity,
the transition from matter dominated epoch to dark energy universe can be also
achieved.84, 229 This fact is extremely relevant in order to obtain viable cosmological
models.
Fig. 21. Dark energy barotropic factor for third-order Taylor approximation with several values
of λ.
6.2. The Palatini formalism case
This section is dedicated to the reconstruction of f(R) cosmology within the Palatini
formalism. Rational polynomials,230 such as Pade´ and ratios of Chebyshev polyno-
mials, can be used to provide accurate information on the thermal properties of the
effective cosmic fluid entering the energy-momentum tensor of Palatini’s gravity.
In this case, to obtain the cosmological solutions we consider the metric
ds2 = −dt2 + a(t)2δijdxidxj , (229)
and the energy-momentum tensor for a perfect fluid of density ρ and pressure p
given as
Tµν = diag(−ρ, p, p, p) . (230)
We thus write down the relation between the Ricci scalar and the Hubble rate in
the metric formalism:
R = 6(H˙ + 2H2) . (231)
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Converting the time derivative into derivative with respect to the redshift, we get
R(z) = −6(1 + z)H(z)H ′(z) + 12H(z)2 , (232)
where the ‘prime’ indicates derivative with respect to z. Inserting Eq. (232) into
Eq. (60), we get
R(z) = 12H2−6(1+z)H
(
HF ′ + FH ′
F
)
+3(1+z)2
[
2HF (HF ′′ +H ′F ′)−H2F ′2
2F 2
]
.
(233)
Combining Eqs. (65) and (233) one then obtains
F ′′ − 3
2
F ′
2
F
+
(
H ′
H
+
2
1 + z
)
F ′ − 2H
′
H(1 + z)
F + 3Ωm0(1 + z)
(
H0
H
)2
= 0 . (234)
Hence, after extractingH(z) from data, we can substitute z(R) found from Eq. (233)
into the solution of Eq. (234) to get F (R). Then, the f(R) function can be finally
obtained by integrating numerically F (R).
In view of the treatment we proposed in 211, we considered the (2, 2) Pade´
and the (2, 1) rational Chebyshev approximations of dL(z) (see Appendix B and
Appendix C), from which one can infer the corresponding H(z) by means of
Eq. (164). In the following, we fix Ωm0 = 0.3 and adopt the best-fit results obtained
in 211 for the cosmographic parameters. Thus, in the case of the Pade´ approximation
we used 

h0 = 0.6494
+0.0211
−0.0202 ,
q0 = −0.285+0.040−0.046 ,
j0 = 0.545
+0.463
−0.652 ,
s0 = 0.118
+0.451
−1.600 .
(235)
The initial conditions to solve Eq. (234) are found by requiring thatGeff = G
g.231, 232
This implies
F
∣∣
z=0
= 1 , F ′
∣∣
z=0
= 0 . (236)
Fig. 22 shows the behaviour of F (R) using the central values of (235) for the nu-
merical integration of Eq. (234) Then, we integrate this solution by means of the
initial condition
f0 = 6(Ωm0 − 1) +R0 , (237)
obtained from evaluating Eq. (65) at the present time. The analytical match to the
numerical solution is provided by
f(R)Pade´ = a+ bRn , (238)
gRelaxing this condition and allowing for slight departures from G227 would ensure to recover the
asymptotic ΛCDM behaviour.92, 93
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Fig. 22. Pade´ approximation of F (R) inside [0, 2].
where
(a, b, n) = (−1.627, 0.866, 1.074) . (239)
We show the Pade´ reconstruction of f(R) in Fig. 23. Taking into account the 1σ
Fig. 23. Pade´ reconstruction of f(R) with the corresponding most suitable analytical approxi-
mation (cf. Eq. (238)).
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values of 235, one finds the following bounds:

a ∈ [−1.627, −1.326] ,
b ∈ [0.733, 0.951] ,
n ∈ [1.025, 1.123] .
(240)
In the case of rational Chebyshev approximation we used211

h = 0.6495+0.0189−0.0194 ,
q0 = −0.278+0.021−0.021 ,
j0 = 1.585
+0.497
−0.914 ,
s0 = 1.041
+1.183
−1.784 .
(241)
Following a similar procedure as the one seen above, we show in Fig. 24 F (R)
reconstructed using the central values of (241). In this case, the analytical function
Fig. 24. Chebyshev reconstruction of F (R) inside z ∈ [0, 2]
matching the numerical integration of F (R) is
f(R)Cheb = α+ βRm , (242)
where
(α, β, m) = (−1.332, 0.749, 1.124) . (243)
The rational Chebyshev reconstruction of f(R) is finally shown in Fig. 25. If also
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Fig. 25. Comparison between the rational Chebyshev approximation on f(R) with its most suit-
able analytical approximation (cf. Eq. (242)).
the lower and upper 1σ bounds are considered, we find

α ∈ [−1.481, −1.332] ,
β ∈ [0.749, 0.818] ,
m ∈ [1.096, 1.124] .
(244)
An interesting exercise is to compare the obtained results with the cosmological
predictions of the standard ΛCDMmodel. Fig. 26 shows the best f(R) reconstructed
through the rational approximations compared to the action of ΛCDM assuming
{h,Ωm0} = {0.7, 0.3}. Moreover, one can calculate the effective equation of state
parameter as
weff(z) = −1 + 2
3
(1 + z)
H ′(z)
H(z)
. (245)
In Fig. 27 we show the results for the different models.
7. Model-independent reconstruction of f(T ) gravity
In this section, we apply the cosmographic method to reconstruct the f(T ) function
of teleparallel gravity in a model-independent way. As above, we reconstruct144 the
f(T ) function from cosmological observations, without a priori assumptions over
the model. To do that, we assume the flat FLRW metric and consider the Taylor
series expansion of the luminosity distance up to the fourth order (cf. Eq. (163)).
Then, making use of Eq. (164) we can write down the Taylor expansion of the
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Fig. 26. Confront among f(R) actions of ΛCDM, Pade´ and rational Chebyshev approximations.
Fig. 27. Comparison between the ΛCDM barotropic factor and the Pade´ and the rational Cheby-
shev approximations.
Hubble rate as a function of the cosmographic parameters:
H(z) ≃ H0
[
1 + z(1 + q0) +
z2
2
(j0 − q20) +
z3
6
(−3q20 − 3q30 + j0(3 + 4q0) + s0)
]
.
(246)
Hence, once the parameters (H0, q0, j0, s0) are known, one can infer f(T (z)) = f(z)
numerically by combining the modified Friedmann equations (144) and (145). To
do that, one need to convert the derivatives with respect to time and the derivatives
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with to respect to the torsion scalar into derivatives with respect to the redshift.
For any function F(z), we have
d
dt
F(z) = −(1 + z)H(z) d
dz
F(z) , (247)
∂
∂T
F(z) = −12H(z)H ′(z) d
dz
F(z) , (248)
where we have used Eq. (143) in the latter equation. Thus, if we combine Eqs. (144)
and (247) we obtain a differential equation for f(z):(
df
dz
)−1 [
H(1 + z)
d2f
dz2
+ 3f
dH
dz
]
=
1
H
(
dH
dz
)−1 [
3
dH
dz
+ (1 + z)
d2H
dz2
]
. (249)
One possibility to solve this equation is to assume a particular cosmological model
and impose the form of H(z). This, however, would introduce a bias in the analysis
and would drive the resulting dynamics towards solutions only slightly deviating
from the postulated model. Our idea is, instead, to reconstruct the Hubble expansion
as model-independent as possible, and this can be done through cosmography. It is,
in fact, possible to perform a model-independent procedure by using the kinematic
expansion given in Eq. (246) to solve Eq. (249) as a function of z only. Specifically,
two initial conditions are needed to find f(z). The first one is obtained by imposing
the equivalence between the effective gravitation constant and the Newton constant:
df
dz
∣∣∣
z=0
= 1 . (250)
The second initial condition comes from Eqs. (143) and (250):
f(T (z = 0)) = f(z = 0) = 6H0
2(Ωm0 − 2) . (251)
Therefore, we follow the strategy presented in 233 and recast the cosmographic
parameters as
q0 =− 1 + 3Ω˜m0
2(1 + 2F˜2)
, (252)
j0 = 1− 9Ω˜
2
m0(3F˜2 + 2F˜3)
2(1 + 2F˜2)3
, (253)
s0 = 1− 9Ω˜m0
2(1 + 2F˜2)
+
45Ω˜2m0(3F˜2 + 2F˜3)
2(1 + 2F˜2)3
+
27Ω˜3m0(3F˜2 + 12F˜3 + 4F˜4)
4(1 + 2F˜2)4
− 81Ω˜
3
m0(3F˜2 + 2F˜3)
2
2(1 + 2F˜2)5
, (254)
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where
Ω˜m0 =
Ωm0
F1
, F˜i =
Fi
F1
(i = 2, 3, 4)
Fi = T
i−1
0 f
(i)(T0) (i = 1, 2, 3, 4) .
(255)
In order to numerically solve Eq. (249), we adopt the following results:233


Ωm0 = 0.289
h = 0.692
q0 = −0.545
j0 = 0.776
s0 = −0.192
(256)
where h ≡ H0/(100 km/s/Mpc). These values are compatible with the observational
bounds obtained through a comparison with different data sets.234 Then, the first
step is to consider a second-order expansion of the Hubble rate, i.e. up to the jerk
coefficient of the cosmographic series. In Fig. 28 we show the results for different
sets of cosmographic parameters. To match the numerical behaviours, we used the
Fig. 28. Reconstructing f(z) for different (Ωm0, q0, j0) based on Table 6 outcomes in 233. The
solid red, the dashed blue and the dotted green lines correspond, respectively, to the the best-fit
values, the upper 2σ bounds and the lower 2σ constraints imposed over (Ω˜m0, F˜2, F˜3). The ΛCDM
paradigm is due to dot-dashed black line and h = 0.692.
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following test-functionsh:
f1(z) = A+ z(B + Cz) ln(1 + z2) (257a)
f2(z) = A+ Bz2eCz (257b)
f3(z) = Az2 + Bz sin(1 + Cz2) (257c)
f4(z) = A+ Bz2 cos(1 + Cz) (257d)
f5(z) = A+ B sinh(1 + Cz) (257e)
f6(z) = A+ Bz3 tanh(Cz2) (257f)
where the values of the free coefficients A, B and C are found through a comparison
with the numerical curves. To obtain information on how well the test-functions
approximate the numerical f(z), we performed the R2-test.235 If fobsi are the nu-
merical values of f(zi), and fi are the correspondent analytical values, one can
define
R2 ≡ 1−
∑n
i=1(f
obs
i − fi)2∑n
i=1(f
obs
i − f¯)2
, (258)
where
f¯ =
1
n
n∑
i=1
fobsi , (259)
being n the number of points. The ideal case R2 = 1 occurs when the test-function
and f(z) agree exactly. In the case of the best-fit red curve of Fig. 28, the R2-test
indicates the function (257b) as the most suitable choice (cf. Table 5):
f(z) = A+ Bz2eCz , (260)
where
(A,B, C) = (−5.024, 8.651, 0.512) . (261)
We show in Fig. 29 the comparison between the numerical solution of f(z) and
its best analytical approximation given by 260 . From Table 5 we note that also
the functions 257a and 257f represents very good approximations of f(z): their R2
values are only 0.024% and 0.038% far from the best one, respectively.
The second step of the analysis considers the expansion of H(z) up to the third
order. We thus show in Fig. 30 the behaviour of f(z) for different values of s0 within
the interval [−1, 0], while we fix the other cosmographic parameters to their best-fit
results. As in the previous case, the best approximation of f(z) is given by the
function 260 with the following values of the free parameters:
(A,B, C) = (−5.022, 8.577, 0.532) . (262)
hThe forms of the test-functions have been chosen a posteriori to match the shapes of the curves
gotten from the numerical analysis.
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Table 5. Outcomes of the R2-test on the test-functions Eqs.
(257a)–(257f) for the best-fit curve of Fig. 28 .
Test-function (A,B, C) R2
f1(z) (−3.897, 10.88, 7.185) 0.99974
f2(z) (−5.024, 8.651, 0.512) 0.99997
f3(z) (15.73, −9.286, 1.112) 0.99102
f4(z) (−3.152, −21.52, 1.114) 0.99630
f5(z) (−10.93, 3.173, 1.593) 0.99909
f6(z) (−3.463, 11.89, 4.143) 0.99959
Fig. 29. Confront between numerical and analytical solutions on f(z), with best fit parameters
(Ωm0, h, q0, j0) as in 233, while the coefficients (A,B, C) are given in Eq. (261).
We finally describe the strategy to reconstruct the function f(T ). We plug the
expansion of H(z) up to the snap parameter into Eq. (143), which can be inverted
to find z(T ). Therefore, inserting the obtained result back into Eq. (260) provides
us with the function f(T ). In this procedure one takes into account the error propa-
gation due to the uncertainties in cosmographic parameters through redefining f(z)
by a rescaling factor α:
αf(z) −→ f(z) . (263)
The value of the constant α will be determined from cosmological constraints. One
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Fig. 30. Different f(z) shapes with distinct snap parameters and (Ωm0, h, q0, j0) fixed by best-fit
results as in 233. The solid red line is due to the best-fit value of s0, while the dot-dashed black
line to the ΛCDM model, assuming that Ωm0 = 0.289.
thus gets
z(T ) =
1
2Q
[
2(q20 − j0) +
(
4M(T )
H30
)1/3
+
(
16H30
M(T )
)1/3 (
j20 + q
2
0(6 + 12q0 + 7q
2
0)
− 2j0(3 + 7q0 + 5q20)− 2s0(1 + q0)
)]
, (264)
and
f(T ) = αA+ αB
4Q2
[
2(q20 − j0) +
(
4M(T )
H30
)1/3
+
(
16H30
M(T )
)1/3 (
j20 + q
2
0(6 + 12q0 + 7q
2
0)
− 2j0(3 + 7q0 + 5q20)− 2s0(1 + q0)
)]2
exp
{
C
2Q
[
2(q20 − j0) +
(
4M(T )
H30
)1/3
+
(
16H30
M(T )
)1/3 (
j20 + q
2
0(6 + 12q0 + 7q
2
0)− 2j0(3 + 7q0 + 5q20)− 2s0(1 + q0)
)]}
,
(265)
where
M(T ) ≡ H20
√
2P(T )Q− 2H30N +
√−6TH20Q2 , (266)
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P(T ) ≡ 2H20
[
6j30 − 6q20
(
2 + q0(4 + q0)
)2
+ 3j20
(
8 + q0(28 + 17q0)
)
+ 4
(
2 + q0
(
6− q0(3
+ 7q0)
))
s0 + 9s
2
0 + 2j0
(
6(2 + 3s0) + q0
(
52 + q0(60− q0(6 + 17q0)
)
+ 27s0
)]
− 2√−6TH0
(
j30 + 3j
2
0(1 + q0)(6 + 11q0)− 3j0q20
(
12 + q0(29 + 16q0)
)
+ q40
(
18
+ q0(36 + 17q0)
)− 15q20(1 + q0)s0 + 3j0(5 + 7q0)s0 + 3s20)− 3T (− 3q20(1 + q0)
+ j0(3 + 4q0) + s0
)2
, (267)
Q ≡ −3q20(1 + q0) + j0(3 + 4q0) + s0 , (268)
N ≡ j30 + 3j20(1 + q0)(6 + 11q0)− 3j0q20
(
12 + q0(29 + 16q0)
)
+ q40
(
18 + q0(36 + 17q0)
)
− 15q20(1 + q0)s0 + 3j0(5 + 7q0)s0 + 3s20 . (269)
The obtained f(T ) can be used to study the torsional density and pressure, and
compare the above results with the cosmological findings in the literature.236 From
Eqs. (146) and (147) we get
ρT =− 1
2
[
T + α
(
A+ B ξ(T )
4Q2 e
Cξ(T )
2Q
)]
+
21/3αBTG(T )
24H30Q3M(T )2
X(T )Y (T )M′(T ) e Cξ(T)2Q ,
(270)
pT =
[
e−
Cξ(T)
2Q H40Q
4M(T )10/3
(
72A+ 18Bξ(T )
2
Q2 e
Cξ(T )
2Q − 3× 2
1/3BTG(T )X(T )Y (T )M′(T )
H30Q3M(T )2
× e Cξ(T )2Q + 2
1/3BT 2
H30Q4M(T )10/3
× e Cξ(T)2Q
(
21/3CG(T )2X(T )Y (T )M′(T )2 + 27/3H0Q
×X(T )Y (T )M(T )M′(T )2 + 2H0QG(T )M(T )1/3 ×
(
− 6X(T )Y (T )M′(T )2
+ 25/3
(CX(T ) + Y (T ))M(T )2/3M′(T )2 + 2H0((2Q+ C(q20 − j0))X(T ) + (q20 − j0)
× Y (T ))M(T )1/3M′(T )2 + 3X(T )Y (T )M(T )M′′(T )))
)]
×
[
24/3B
(
21/3CG(T )2
×X(T )Y (T )M′(T )2 + 27/3H0QTX(T )Y (T )M(T )M′(T )2 +H0QG(T )M(T )1/3
×
(
− 12TX(T )Y (T )M′(T )2 + 27/3(CX(T ) + Y (T ))TM(T )2/3M′(T )2 + 4H0
× ((2Q+ C(q20 − j0))X(T ) + (q20 − j0)Y (T ))TM(T )1/3M′(T )2 + 3X(T )Y (T )M(T )
× (M′(T ) + 2TM′′(T ))))
]
, (271)
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where
ξ(T ) ≡ 2(q20 − j0) +
(
4M(T )
H30
)1/3
+
(
16H30
M(T )
)1/3
, (272)
X(T ) ≡ 24/3H20µ+ 2H0(q20 − j0)M(T )1/3 + 22/3M(T )2/3 , (273)
Y (T ) ≡ 24/3CH20µ+ 2H0
(
2Q+ C(q20 − j0)
)M(T )1/3 + 22/3CM(T )2/3 , (274)
G(T ) ≡ −2H20µ+ 21/3M(T )2/3 , (275)
µ ≡ j20 + q20(6 + 12q0 + 7q20)− 2j0(3 + 7q0 + 5q20)− 2s0(1 + q0) , (276)
and
M′(T ) ≡ ∂M
∂T
=
1√
2
[√
3H20Q2T
(−T )3/2 +
H20Q√P(T )P ′(T )
]
, (277)
M′′(T ) ≡ ∂
2M
∂T 2
= −
√−3TH20Q2P(T )2 +H20QT 2P(T )1/2P ′(T )2 − 2H20QT 2P(T )3/2P ′′(T )
2
√
2T 2P(T )2
(278)
P ′(T ) ≡ ∂P
∂T
= −3 (−3q20(1 + q0) + j0(3 + 4q0) + s0)2 +
√
6H0√−T
[
j30 + 3j
2
0(1 + q0)(6 + 11q0)
− 3j0q20
(
12 + q0(29 + 16q0) + q
4
0
(
18 + q0(36 + 17q0)− 15q20(1 + q0)s0
)
+ 3j0(5 + 7q0)s0 + 3s
2
0
]
, (279)
P ′′(T ) ≡ ∂
2P
∂T 2
=
√
3
2
H0
(−T )3/2
[
j30 + 3j
2
0(1 + q0)(6 + 11q0)− 3j0q20
(
12 + q0(29 + 16q0)
)
+ q40
(
18 + q0(36 + 17q0)
)− 15q20(1 + q0)s0 + 3j0(5 + 7q0)s0 + 3s20].
(280)
We note that pT does not actually depend on the rescaling factor α. To constrain
the value of this coefficient, we impose the condition wDE < −1/3 implying present
accelerated expansion. We thus find
0 < α . 0.936 . (281)
In Fig. 31 we show the reconstructed f(T ) assuming an indicative α = 0.5. Figs. 32
and 33 show the behaviours of the ρT and pT , while the effective dark energy
equation of state parameter for different values of α is displayed in Fig. 34.
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Fig. 31. Numerical shape of f(T ) imposed from best-fit values and α = 0.5 inside 0 ≤ z ≤ 2.
Fig. 32. Torsion density with mean values of cosmographic parameters got from the experimental
analysis with α = 0.5 inside 0 ≤ z ≤ 2.
7.1. Comparison with previous f(T ) models
We here compare the f(T ) model we have obtained with the cosmographic recon-
struction found in 146. In fact, testing the consistency of the two models in the
valid redshift interval provides a measure of the goodness of the present approach.
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Fig. 33. PT with the best-fit values of the cosmographic parameters inside 0 ≤ z ≤ 2.
Fig. 34. Dark energy equation of state inside 0 ≤ z ≤ 2, with different values of α (cf. Eq. (281)).
To this end, we report the model proposed in 146:
f(T )ABCL = c0T + (T − T0)
[
c1 + c3 cosh(T − T0) + (T − T0)
(
c2 + c4(T − T0) sinh(T − T0)
)]
(282)
where T0 = −6H20 . The above model is made of different functions which dominate
over each other in different redshift domains. The free coefficients ci (i = 0, . . . , 4)
have been determined through imposing the conditions f(T0) = 6H
2
0 (Ωm0 − 2)
and f ′(T0) = 1 as for the initial settings. In particular, an experimental analysis
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performed on different data sets provided
c0 = 2− Ωm0 , (283a)
c1 = Ωm0 − 1 , (283b)
c2 = −3× 10−6 , (283c)
c3 =
1
15
× 10−9 , (283d)
c4 =
3
4
× 10−14 . (283e)
along with
Ωm0 = 0.364 , H0 = 71.47 km/s/Mpc . (284)
Let us compare Eq. (282) to the above model without caring about the sign of T .
Fig. 35 clearly shows the compatibility between the two models for z ≤ 1. The
10% − 15% level discrepancies are due to bigger uncertainties in the estimate of
the cosmographic series present in the previous model. Both curves indicate slight
departures from the standard model, which become more evident as the redshift
increases. We can then conclude that the limits of the model (282) are overcome by
adopting the numerical analysis performed in here.
Fig. 35. Comparison between f(T ) functions. The first got for α = 0.5 (solid blue line), whereas
the second by 146 (dashed red line) inside 0 ≤ z ≤ 1.
8. Final outlook
In this review paper, we discussed the cosmographic method and its applications
to cosmological models derived from extended or modified theories of gravity. The
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philosophy is going beyond Einstein’s gravity to cure the shortcomings of the stan-
dard cosmological model.3 Specifically, the observational evidence that almost the
entire energy density of the cosmic fluid is in the form of dark components might be
the sign that standard GR breaks down at IR cosmological scales. One way to ad-
dress this issue is to modify the Einstein-Hilbert action and introduce higher-order
curvature invariants and minimally or non-minimally coupled terms between scalar
fields and geometry. The ETG scenarios represent a semi-classical approach where
GR is recovered in the low-energy limit.
With this recipe in mind, we focused on f(R) gravity in the metric and Palatini
formalisms. We showed the equivalence between these paradigms and the scalar-
tensor theories, analyzing the role of conformal transformations in the Einstein and
Jordan frames. We thus described the dynamics of the f(R) cosmological models
and discussed the observational viability of such theories.
Then, we discuss an alternative description of the gravitational interaction in
terms of torsion. Assuming torsion instead of curvature as dynamical field leads to
the equivalent teleparallel formulation of GR (TEGR). We show that the features
of a late-time accelerating universe can be reproduced by modifying the gravity
action to include a generic function of the torsion scalar. Moreover, scalar field
non-minimally coupled to torsion can be considered.
Furthermore, it is possible to develope model-independent techniques to de-
scribe the expansion of the universe without postulating the dark terms a priori.
We showed how cosmography can be used to break the degeneracy among cosmo-
logical models. We thus proposed the use of rational polynomials to overcome the
convergence issues and reduce the error propagations typical of the standard cos-
mographic approach. The latest cosmic data can be used to place bounds on the
cosmographic series through different Monte Carlo integrations. This new cosmo-
graphic method can be adopted to accurately describe the late-time history of the
universe.
These cosmographic techniques can be adopted to derive cosmological consis-
tent models of f(R) and f(T ) gravity. The approach allows to reconstruct the
extended/modified gravity actions in different formalisms by assuming only the va-
lidity of the cosmological principle. Hence, we discussed the dynamical features of
the reconstructed models and their consequences at the level of background cosmol-
ogy. The results indicated slight departures from GR (that is the ΛCDM model)
and dark energy terms evolving in time.
To conclude, the current state of the art suggests that it is not yet possible
to falsify the ΛCDM model by robust statements adopting only cosmography. The
degeneracy among the dark energy models is still unavoidable and the need of
more precise measurements (eventually at very high redshift) from forthcoming
observations remains crucial. As reported in 200, a redshift of the order z ∼ 1.5
is crucial to discriminate among concurring models while the issue of determining
the physical frame, i.e. the Einstein or the Jordan frame, may be addressed in
cosmography.249 Finally, the models have also to be confronted with perturbations
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to be consistent with observations of large scale structure. These topics will be the
arguments of future works.
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Appendix A. Experimental data compilations
Table 6. H(z) measurements got from differen-
tial age treatment, in which H(z) is given by
km/s/Mpc.
z H ± σH Ref.
0.0708 69.00 ± 19.68 237
0.09 69.0 ± 12.0 215
0.12 68.6 ± 26.2 237
0.17 83.0± 8.0 238
0.179 75.0± 4.0 239
0.199 75.0± 5.0 239
0.20 72.9 ± 29.6 237
0.27 77.0 ± 14.0 238
0.28 88.8 ± 36.6 237
0.35 82.1 ± 4.85 240
0.352 83.0 ± 14.0 241
0.3802 83.0 ± 13.5 241
0.4 95.0 ± 17.0 238
0.4004 77.0 ± 10.2 241
0.4247 87.1 ± 11.2 241
0.4497 92.8 ± 12.9 241
0.4783 80.9± 9.0 241
0.48 97.0 ± 62.0 242
0.593 104.0± 13.0 239
0.68 92.0± 8.0 239
0.781 105.0± 12.0 239
0.875 125.0± 17.0 239
0.88 90.0 ± 40.0 242
0.9 117.0± 23.0 238
1.037 154.0± 20.0 239
1.3 168.0± 17.0 238
1.363 160.0± 33.6 243
1.43 177.0± 18.0 238
1.53 140.0± 14.0 238
1.75 202.0± 40.0 238
1.965 186.5± 50.4 243
Table 7. Baryon acoustic oscillations measure-
ments.
z dV ± σdV Ref.
0.106 0.336 ± 0.015 244
0.15 0.2239 ± 0.0084 245
0.32 0.1181 ± 0.0023 246
0.57 0.0726 ± 0.0007 246
2.34 0.0320 ± 0.0016 247
2.36 0.0329 ± 0.0012 248
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Appendix B. Pade´ approximations of the luminosity distance
P1,1(z) =
1
H0
[
2z
2 + (−1 + q0)z
]
. (B.1)
P1,2(z) =
1
H0
[
12z
12 + 6(−1 + q0)z + (5 + 2j0 − q0(8 + 3q0))z2
]
. (B.2)
P2,1(z) =
1
H0
[
z(6(−1 + q0) + (−5− 2j0 + q0(8 + 3q0))z)
−2(3 + z + j0z) + 2q0(3 + z + 3q0z)
]
. (B.3)
P1,3(z) =
24z
H0
/
(24 + 12(−1 + q0)z + 2(5 + 2j0 − q0(8 + 3q0))z
2
− (9 + j0(9 + 6q0)− q0(19
+ 2q0(7 + 3q0)) + s0)z
3) . (B.4)
P2,2(z) =
1
H0
(6z(10 + 9z − 6q30z + s0z − 2q
2
0(3 + 7z)− q0(16 + 19z) + j0(4 + (9 + 6q0)z))
/
(60 + 24z + 6s0z − 2z
2 + 4j20z
2
− 9q40z
2
− 3s0z
2 + 6q30z(−9 + 4z) + q
2
0(−36− 114z + 19z
2)
+ j0(24 + 6(7 + 8q0)z + (−7− 23q0 + 6q
2
0)z
2) + q0(−96− 36z + (4 + 3s0)z
2)) .
(B.5)
P3,1(z) =
1
H0
(z(24(1 + j0 − q0(1 + 3q0)) + 6(4 + j0(7 + 8q0)− q0(6 + q0(19 + 9q0)) + s0)z
+ (2− 4j20 + j0(7 + (23− 6q0)q0) + q0(−4 + q0(−19 + 3q0(−8 + 3q0))− 3s0) + 3s0)z
2))
/
(24(1 + j0 − q0(1 + 3q0)) + 6(2 + 5j0(1 + 2q0)− q0(2 + 15q0(1 + q0)) + s0)z) .
(B.6)
Appendix C. Rational Chebyshev approximations of the luminosity
distance
R1,1(z) = −
1
H0
[
(3(2− 2q0 − 15q
2
0 − 15q
3
0 + 5j0(1 + 2q0) + s0) + (1/(7− j0 + q0 + 3q
2
0))(−72(7
− j0 + q0 + 3q
2
0)
2 + 3(18 + 5j0(1 + 2q0)− 3q0(6 + 5q0(1 + q0)) + s0)(14 + 5j0(1 + 2q0)
− q0(14 + 15q0(1 + q0)) + s0) + 2(14 + 5j0(1 + 2q0)− q0(14 + 15q0(1 + q0)) + s0)
2)z)
/
(576(1− ((14 + 5j0(1 + 2q0)− q0(14 + 15q0(1 + q0)) + s0)z)/(3(7− j0 + q0 + 3q
2
0))))
]
.
(C.1)
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R1,2(z) =
1
H0
(−((44184 + 5j30(1 + 2q0)(1 + 10q0)(9 + 10q0)− 3q0(32024 + q0(26948 + q0(4780
+ q0(−15938 + q0(2134 + 15q0(565 + 3q0(249 + 25q0(3 + q0)))))))) + 7148s0 + q0(−5272
+ q0(−16 + 3q0(−32 + 3q0(439 + 75q0(2 + q0)))))s0 − 3(−38 + q0(38 + 15q0(1 + q0)))s
2
0
+ s30 + j0(49884 + q0(34880 + q0(−41632 + q0(−9472 + 135q0(125 + q0(332 + 25q0(5
+ 2q0)))))) + 916s0 − 2q0(−586 + 3q0(439 + 75q0(3 + 2q0)))s0 + 15(1 + 2q0)s
2
0) + j
2
0(−222
+ 59s0 + q0(8422− 5q0(17 + 15q0(211 + 60q0(2 + q0))− 60s0) + 300s0)))/(8(−1− j0 + q0
+ 3q20)(7− j0 + q0 + 3q
2
0) + 24(7− j0 + q0 + 3q
2
0)
2
− (18 + 5j0(1 + 2q0)− 3q0(6 + 5q0(1
+ q0)) + s0)(14 + 5j0(1 + 2q0)− q0(14 + 15q0(1 + q0))s0))) + 4(271 − 17j0 + 17q0 + 51q
2
0
+ (4(39106 − 56j30 + j
2
0(1665 + q0(193 + 454q0)) + 5s0 − j0(14469 − 5s0 + q0(3492 + q0(10127
+ q0(1033 + 1287q0)) + 5s0)) + q0(14282 − 10s0 + q0(45365 − 10s0 + q0(10501 + 3q0(5082
+ q0(479 + 429q0)) + 15s0)))))/(−868 + j
2
0(−7 + 100q0(1 + q0)) + q0(−888 + q0(−1412
+ 3q0(−64 + q0(139 + 75q0(2 + q0))))) + 32s0 − 2q0(16 + 15q0(1 + q0))s0 + s
2
0 + j0(544
+ 10s0 − 2q0(q0(139 + 75q0(3 + 2q0))− 2(56 + 5s0)))))z)
/
(576(1 − (4(214− 5j20(1 + 2q0)
+ j0(65 + 5q0(33 + q0(8 + 9q0))− s0) + 15s0 + q0(−204− 5q0(41 + 3q0(18 + q0(4 + 3q0)))
+ s0 + 3q0s0))z)/(8(−1− j0 + q0 + 3q
2
0)(7− j0 + q0 + 3q
2
0) + 24(7 − j0 + q0 + 3q
2
0)
2
− (18
+ 5j0(1 + 2q0)− 3q0(6 + 5q0(1 + q0)) + s0)(14 + 5j0(1 + 2q0)− q0(14 + 15q0(1 + q0)) + s0))
− (4(12(−1− j0 + q0 + 3q
2
0)(7− j0 + q0 + 3q
2
0) + 4(1 + j0 − q0(1 + 3q0))
2
− (14 + 5j0(1
+ 2q0)− q0(14 + 15q0(1 + q0)) + s0)
2)(−1 + 2z2))/(3(8(−1− j0 + q0 + 3q
2
0)(7− j0 + q0
+ 3q20) + 24(7− j0 + q0 + 3q
2
0)
2
− (18 + 5j0(1 + 2q0)− 3q0(6 + 5q0(1 + q0)) + s0)(14
+ 5j0(1 + 2q0)− q0(14 + 15q0(1 + q0)) + s0))))) . (C.2)
R2,1(z) =
1
H0
(−((3(16(−1− j0 + q0 + 3q
2
0)(7− j0 + q0 + 3q
2
0)− (18 + 5j0(1 + 2q0)− 3q0(6
+ 5q0(1 + q0)) + s0)(14 + 5j0(1 + 2q0)− q0(14 + 15q0(1 + q0)) + s0)))/(14 + 5j0(1 + 2q0)
− q0(14 + 15q0(1 + q0)) + s0)) + 4(47− j0 + q0 + 3q
2
0 − (12(−1 + q0)(1 + j0 − q0(1 + 3q0)))/
(14 + 5j0(1 + 2q0)− q0(14 + 15q0(1 + q0)) + s0))z − (4(12(−1− j0 + q0 + 3q
2
0)(7− j0 + q0
+ 3q20) + 4(1 + j0 − q0(1 + 3q0))
2
− (14 + 5j0(1 + 2q0)− q0(14 + 15q0(1 + q0)) + s0)
2)(−1
+ 2z2))/(14 + 5j0(1 + 2q0)− q0(14 + 15q0(1 + q0)) + s0))
/
(192(1 + (4(1 + j0 − q0(1
+ 3q0))z)/(14 + 5j0(1 + 2q0)− q0(14 + 15q0(1 + q0)) + s0))) . (C.3)
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R2,2(z) = −
1
H0
[
(2808 + 3828s0 + 474s
2
0 + 15s
3
0 + 891712z + 115776s0z + 4560s
2
0z + 753744z
2
+ 142392s0z
2 + 4284s20z
2 + 90s30z
2
− 50625q90(1 + 6z
2)− 10125q80 (15− 16z + 90z
2)
− 135q70(1723 − 2800z + 12738z
2) + 135q60(−845 + 10688z − 7470z
2 + 75s0(1 + 6z
2))
− q30(−13140 + 440320z − 79608z
2 + 675s20(1 + 6z
2) + 576s0(2 + 275z + 12z
2)) + 18q50(4463
+ 117160z + 23082z2 + 75s0(15− 16z + 90z
2)) + 5j30 (183− 688z + 1098z
2 + 3000q30(1
+ 6z2) + 300q20(15− 16z + 90z
2) + 6q0(311− 800z + 1866z
2))− 3q20(9420 + 555072z
+ 541384z2 + 15s20(15− 16z + 90z
2) + 8s0(385 + 5300z + 2718z
2)) + 9q40(15158 + 229520z
+ 214372z2 + s0(2513 − 3200z + 19878z
2))− 6q0(s
2
0(79− 40z + 714z
2) + 4s0(319 + 4624z
+ 5594z2) + 4(351 + 61768z + 69386z2))− 3j20(s0(−311 + 800z − 1866z
2) + 22500q50 (1
+ 6z2) + 3000q40(15− 16z + 90z
2) + 125q30(313− 544z + 2262z
2)− 2(1079 + 6040z
+ 12986z2)− 5q20(−293 + 37264z − 1758z
2 + 300s0(1 + 6z
2))− 2q0(6181 + 71720z
+ 62254z2 + 50s0(15− 16z + 90z
2))) + 3j0(33750q
7
0(1 + 6z
2) + 5625q60(15− 16z + 90z
2)
+ 5s20(15− 16z + 90z
2) + 4s0(363 + 3400z + 3634z
2) + 60q50(1723 − 2800z + 12738z
2)
+ 4(1019 + 62496z + 78914z2)− 15q40(−1745 + 39664z − 15270z
2 + 300s0(1 + 6z
2))
+ 2q0(75s
2
0(1 + 6z
2) + 64(36 + 1895z + 1520z2) + 2s0(427 + 8200z + 3762z
2))− 2q30(225s0(15
− 16z + 90z2) + 8(2477 + 42040z + 19398z2))− 2q20(s0(2513− 3200z + 19878z
2) + 12(1433
+ 18780z + 21502z2))))
/
(384(−2348 − 324s0− 15s20 − 784z − 200s0z + 104z
2 + 136s0z
2
+ 10s20z
2 + 1125q06(−3 + 2z2) + 90q50(−75− 4z + 50z
2) + q40(−6795 − 480z + 3138z
2)
− 6q30(25s0(−3 + 2z
2) + 8(−20− 35z + 16z2))− 4q0(−982− 296z + 52z
2 + s0(−81− 2z
+ 34z2)) + j20(−215− 40z + 122z
2 + 500q20(−3 + 2z
2) + 20q0(−75− 4z + 50z
2)) + q20(8(578
+ 475z − 146z2)− 6s0(−75− 4z + 50z
2))− 2j0(1034 + 700z − 212z
2 + s0(75 + 4z − 50z
2)
+ 750q40(−3 + 2z
2) + 45q30(−75− 4z + 50z
2) + q20(−2265− 160z + 1046z
2) + q0(970 + 780z
− 468z2 − 50s0(−3 + 2z
2)))))
]
. (C.4)
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